
新応用数学 

1 章 ベクトル解析 

 

§1 ベクトル関数(p.1～p.16) 

問１ 

（１）与式= (1, 2, 3) − 3(−2, 3, 1) 

= (1, 2, 3) − (−6, 9, 3) 

= (1 + 6, 2 − 9, 3 − 3) 

= (𝟕, −𝟕, 𝟎) 

（２）|𝒂 − 3𝒃|2 = 72 + (−7)2 + 02 = 49 + 49 = 98 

|𝒂 − 3𝒃| = √98 = 7√2 

よって, 求めるベクトルは, 

±
1

7√2
(7, −7, 0) = ±

𝟏

√𝟐
(𝟏, −𝟏, 𝟎) 

 

問２ 

𝒃 ∙ 𝒂 = 𝒂 ∙ 𝒃 = 2 ∙ 3 + 𝑘 ∙ (−1) + (−1) ∙ 3 

= 6 − 𝑘 − 3 = 3 − 𝑘 

|𝒃| = √32 + (−1)2 + 32 

= √9 + 1 + 9 = √19 

よって, 求める正射影の大きさは, 

|𝒃 ∙ 𝒂|

|𝒃|
=

|3 − 𝑘|

√19
=

|𝒌 − 𝟑|

√𝟏𝟗
 

また, 𝒂 ⊥ 𝒃となるのは, 𝒂 ∙ 𝒃 = 0のときであるから, 

3 − 𝑘 = 0より, 𝒌 = 𝟑 

 

問３ 

𝒋 × 𝒊 = −(𝒊 × 𝒋) = −𝒌 

𝒋 × 𝒋 = 𝟎 

𝒋 × 𝒌 = 𝒊 

𝒌 × 𝒊 = 𝒋 

𝒌 × 𝒋 = −(𝒋 × 𝒌) = −𝒊 

𝒌 × 𝒌 = 𝟎 

 

問４ 

𝒂 × 𝒃 = |
𝒊 𝒋 𝒌

−1 3 2
0 −1 0

| 

= |
3 2

−1 0
| 𝒊 − |

−1 2
0 0

| 𝒋 + |
−1 3
0 −1

|𝒌 

= (0 + 2)𝒊 − (0 − 0)𝒋 + (1 − 0)𝒌 

= 2𝒊 − 0𝒋 + 𝒌 

= (𝟐, 𝟎, 𝟏) 

 

問５ 

AB⃗⃗⃗⃗  ⃗ = (1, −1, 2) − (2, 1, 3) 

= (−1, −2, −1) 

AC⃗⃗⃗⃗  ⃗ = (2, 2, 1) − (2, 1, 3) 

= (0, 1, −2) 

AB⃗⃗⃗⃗  ⃗ × AC⃗⃗⃗⃗  ⃗ = |
𝒊 𝒋 𝒌

−1 −2 −1
0 1 −2

| 

= |
−2 −1
1 −2

| 𝒊 − |
−1 −1
0 −2

| 𝒋 + |
−1 −2
0 1

| 𝒌 

= (4 + 1)𝒊 − (2 − 0)𝒋 + (−1 − 0)𝒌 

= 5𝒊 − 2𝒋 − 𝒌 

= (𝟓, −𝟐, −𝟏) 

三角形の面積は平行四辺形の面積の半分だから, 

△ ABC =
1

2
|AB⃗⃗⃗⃗  ⃗ × AC⃗⃗⃗⃗  ⃗| 

=
1

2
√52 + (−2)2 + (−1)2 

=
1

2
√25 + 4 + 1 

=
1

2
√30 =

√𝟑𝟎

𝟐
 

 

問６ 

(𝒊 × 𝒊) × 𝒋 = 𝟎 × 𝒋 = 𝟎 

𝒊 × (𝒊 × 𝒋) = 𝒊 × 𝒌 = −(𝒌 × 𝒊) = −𝒋 

 

問７ 

（１）𝒂′(𝑡) = (𝒆𝒕,
𝟏

𝒕
, 𝟏) 

𝑡 = 1における微分係数は, 

𝒂′(1) = (𝑒1,
1

1
, 1) 

= (𝒆, 𝟏, 𝟏) 

（２）𝒃′(𝑡) = (− cos 2𝜋𝑡 ∙ 2𝜋, − sin 𝜋𝑡 ∙ 𝜋, 1) 

= (−𝟐𝝅𝐜𝐨𝐬 𝟐𝝅𝒕 , −𝝅 𝐬𝐢𝐧𝝅𝒕 , 𝟏) 

𝑡 = 1における微分係数は, 

𝒃′(1) = (−2𝜋 cos 2𝜋 , −𝜋 sin 𝜋 , 1) 

= (−𝟐𝝅, 𝟎, 𝟏) 

 



問８ 

𝑑𝒂

𝑑𝑡
= (− sin 𝑡 , cos 𝑡 , 0) 

よって, 

|
𝑑𝒂

𝑑𝑡
| = √(− sin 𝑡)2 + (cos 𝑡)2 + 02 

= √sin2 𝑡 + cos2 𝑡 

= √1 = 𝟏 

 

問９ 

𝒂と𝒃の成分表示を, それぞれ 

𝒂 = (𝑎𝑥 , 𝑎𝑦 , 𝑎𝑧), 𝒃 = (𝑏𝑥 , 𝑏𝑦 , 𝑏𝑧)とする. 

左辺= (𝑎𝑥𝑏𝑥 + 𝑎𝑦𝑏𝑦 + 𝑎𝑧𝑏𝑧)
′
 

= (𝑎𝑥𝑏𝑥)
′ + (𝑎𝑦𝑏𝑦)

′
+ (𝑎𝑧𝑏𝑧)

′ 

= 𝑎𝑥
′𝑏𝑥 + 𝑎𝑥𝑏𝑥

′ + 𝑎𝑦
′𝑏𝑦 + 𝑎𝑦𝑏𝑦

′ + 𝑎𝑧
′𝑏𝑧 + 𝑎𝑧𝑏𝑧

′ 

= (𝑎𝑥
′𝑏𝑥 + 𝑎𝑦

′𝑏𝑦 + 𝑎𝑧
′𝑏𝑧) + (𝑎𝑥𝑏𝑥

′ + 𝑎𝑦𝑏𝑦
′ + 𝑎𝑧𝑏𝑧

′) 

= 𝒂′ ∙ 𝒃 + 𝒂 ∙ 𝒃′ =右辺 

 

問 10 

𝑑𝒓

𝑑𝑡
= (1 + 2𝑡, 2𝑡, 1 − 2𝑡) 

これより, 

|
𝑑𝒓

𝑑𝑡
| = √(1 + 2𝑡)2 + (2𝑡)2 + (1 − 2𝑡)2 

= √1 + 4𝑡 + 4𝑡2 + 4𝑡2 + 1 − 4𝑡 + 4𝑡2 

= √2 + 12𝑡2 

よって, 

𝒕 =
𝟏

√𝟐 + 𝟏𝟐𝒕𝟐
(𝟏 + 𝟐𝒕, 𝟐𝒕, 𝟏 − 𝟐𝒕) 

 

問 11 曲線の長さを𝑠とする. 

𝑑𝒓

𝑑𝑡
= (− sin 𝑡 , cos 𝑡 , 1) 

|
𝑑𝒓

𝑑𝑡
| = √(− sin 𝑡)2 + (cos 𝑡)2 + 12 

= √sin2 𝑡 + cos2 𝑡 + 1 

= √2 

𝑠 = ∫ |
𝑑𝒓

𝑑𝑡
|

2𝜋

0

𝑑𝑡 

= ∫ √2𝑑𝑡
2𝜋

0

 

= √2[𝑡]0
2𝜋 

= √2 ∙ 2𝜋 

= 𝟐√𝟐𝝅 

 

問 12 単位法線ベクトルを𝒏とする. 

（１）
𝜕𝒓

𝜕𝑢
= (2, 0, 2𝑢),  

∂𝒓

∂𝑣
= (0, 3, 2𝑣) 

𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
= |

𝒊 𝒋 𝒌
2 0 2𝑢
0 3 2𝑣

| 

= |
0 2𝑢
3 2𝑣

| 𝒊 − |
2 2𝑢
0 2𝑣

| 𝒋 + |
2 0
0 3

| 𝒌 

= (0 − 6𝑢)𝒊 − (4𝑣 − 0)𝒋 + (6 − 0)𝒌 

= −6𝑢𝒊 − 4𝑣𝒋 + 6𝒌 

= (−6𝑢, −4𝑣, 6) 

また, 

|
𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
| = √(−6𝑢)2 + (−4𝑣)2 + 62 

= √36𝑢2 + 16𝑣2 + 36 

= √4(9𝑢2 + 4𝑣2 + 9) 

= 2√9𝑢2 + 4𝑣2 + 9 

よって, 

𝒏 = ±
1

2√9𝑢2 + 4𝑣2 + 9
(−6𝑢, −4𝑣, 6) 

= ±
𝟏

√𝟗𝒖𝟐 + 𝟒𝒗𝟐 + 𝟗
(𝟑𝒖, 𝟐𝒗, −𝟑) 

（２）
𝜕𝒓

𝜕𝑢
= (cos 𝑣 , sin 𝑣 , 0) 

𝜕𝒓

𝜕𝑣
= (−𝑢 sin 𝑣 , 𝑢 cos 𝑣 , 1) 

𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
= |

𝒊 𝒋 𝒌
cos 𝑣 sin 𝑣 0

−𝑢 sin 𝑣 𝑢 cos 𝑣 1
| 

= |
sin 𝑣 0

𝑢 cos 𝑣 1
| 𝒊 − |

cos 𝑣 0
−𝑢 sin 𝑣 1

| 𝒋 + |
cos 𝑣 sin 𝑣

−𝑢 sin 𝑣 𝑢 cos 𝑣
| 𝒌 

= (sin 𝑣 − 0)𝒊 − (cos 𝑣 − 0)𝒋 + (𝑢 cos2 𝑣 + 𝑢 sin2 𝑣)𝒌 

= sin 𝑣 𝒊 − cos 𝑣 𝒋 + 𝑢𝒌 

= (sin 𝑣 , − cos 𝑣 , 𝑢) 

また, 

|
𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
| = √(sin 𝑣)2 + (− cos 𝑣)2 + 𝑢2 

= √sin2 𝑣 + cos2 𝑣 + 𝑢2 

= √𝑢2 + 1 

よって, 

𝒏 = ±
𝟏

√𝒖𝟐 + 𝟏
(𝐬𝐢𝐧 𝒗 , − 𝐜𝐨𝐬 𝒗 , 𝒖) 

 



問 13 

𝜕𝒓

𝜕𝑢
= (− sin 𝑢 , cos 𝑢 , 0),  

𝜕𝒓

𝜕𝑣
= (0, 0, 1) 

𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
= |

𝒊 𝒋 𝒌
− sin 𝑢 cos𝑢 0

0 0 1
| 

= |
cos 𝑢 0

0 1
| 𝒊 − |

− sin 𝑢 0
0 1

| 𝒋 + |
− sin 𝑢 cos 𝑢

0 0
| 𝒌 

= (cos 𝑢 − 0)𝒊 − (− sin 𝑢 − 0)𝒋 + (0 − 0)𝒌 

= cos 𝑢 𝒊 + sin 𝑢 𝒋 + 0𝒌 

= (cos 𝑢 , sin 𝑢 , 0) 

|
𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
| = √cos2 𝑢 + sin2 𝑢 + 02 

= √1 = 1 

よって, 

𝑆 = ∬ |
𝜕𝒓

𝜕𝑢
×

∂𝒓

∂𝑣
| 𝑑𝑢𝑑𝑣

𝐷

 

= ∬ 1
𝐷

∙ 𝑑𝑢𝑑𝑣 

= ∫ (∫ 𝑑𝑢
𝜋

0

)𝑑𝑣
2

0

 

= ∫ ([𝑢]0
𝜋)𝑑𝑣

2

0

 

= ∫ 𝜋𝑑𝑣
2

0

 

= 𝜋[𝑣]0
2 

= 𝜋 ∙ 2 = 𝟐𝝅 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


