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Cubic Hyper-equisingular Families of Complex Projective Varieties. II

By Shoji TSUBOI

Department of Mathematics, Kagoshima University
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This is a continuation of our previous paper
[4], which will be referred to as Part in this
note. We inherit the notation and terminology of
it.

3. Variations of mixed Hodge structure.
3.1 Theorem. Let .--M be an n-

cubic (n >_ 1) hyper-equisingular family of complex
projective varieties, parametrized by a complex man-

ifold M. We define Rz() Rt,Z. (modulo
g

torsion) (0 t 2 (dim dimM)), Rq()"
Rz() @z Q and Ro() "= Rg,(’M)
(DR./M). where ’M is the topological inverse of
the structure sheaf of M by the map
M and DR./M the cohomological relative de

Rham complex of the family M. Then there
exisl a family of increasing sub-local systems W

g
(weight filteration) on RQ() and a family of de-
creasing holomorphic subbundles F (Hodge filtera-
tion) on Ro() such that

(i) there are spectral sequences,
@ +RwE la= a.Q’

wE’ Gr(R+()
eE’q R,(s(a1. ,D’./M) 1

(P+q’q

with wE’ ’ ’q ’qwE eE eE
(ii) (R(), W[, )defines mixed Hodge

strucutre at each point t M, where W[] denotes
the shift of the filteration degree to the right by
i.e., W[q Wq_e and
(iii) (the Griffiths transversality)

where V denotes the Gauss-Mannin connection
g

on Re().
Outline of the proo (i), (ii)" By Theorem 2.1

and Theorem 2.2 in [4], we have an isomorphism

’M DR’x/M s(ax..D./M) [1]
in D+(, C), where a.,O./M is the n-cubic ob-
ject of complexes of C-vector spaces coming from
O./M, and s(a..D./M)is its associated single

complex (cf. Part I, [1, Expose 1,6]). By this iso-
morphism we have

g
Re() "= Re.( M) R.(s(ax..D./M)[1]).

To compute the hyper-direct image Rezr,(s
(al.,J2X./M)[1]). we shall use the fine resolution

t../M of J2:./M. where oX,/M are the sheaves of
C relative differential forms of type (r, s) on

a(ce {n). Then the natural homomorphism

s(al.,9./M) [1] ---* S(al.,tot’ofC./M) [1]
is an isomorphism in D+(, C). where tot
is the single complex associated to the double
complex ,/M for each o {. Since s(al.,tot
’/M) [1] is rc,-acyclic, we have

Re(zc) He(zc,s(al.,tote4./M) [1]).
We define an increasing filteration W-{Wq}
and a decreasing one F-{Fq} on the single

complex L’- r,s(al.,totl’ofc./M) [1] by

W_q(rc,s(a.,tot./M) [1])

al,l>_q+Zc,s(al,,tot,/M) (q >-- 0) and

Fp (ZC,s(a.,totl../M) [1])
k-ak>pZC,s(a.,tot../M)[1] (p --> 0),

where al,l> q+IZC,S(al,,totoX,/M)" a>_a(L) if
we put L "= 7r.s(a.,totloX./M)[1]. (O’q: stupid

filteration). Notice that the filteration W is de-
fined over Q. We calculate the spectral sequence
associated to these filterations, abutting to

Re(zr). Since (L t, W, F) is a cohomological mixed

Hodge complex in the sense of Deligne for any t
M (for definition see [1, (8.1.6)]), the spectral
sequence {Er(Lt, W), dr} degenerates at the

E2-terms and the one associated to F degenerates
at the Ex-terms ([2, p.48, Theoreme 3.2.1 (De-
ligne), (vi), (v)l). The assertions (i) and (ii) follow
from this.

(iii)" We take a point o M and put Xa’-
(7g" aa)-X(o), X’-- 7T- (o). By the definition of
an n-cubic hyper-equisingular family .-%
---* M, it is analytically locally trivial. Hence,
schrinking M sufficiently small around o, we are
allowed to assume that there is a system of Stein
coverings // "= {U()}
which is subject to the following requirements:

(1) for each pair (c,/3) of elements of
Ob([+) with c---*/3 in [}+, there is a
map /2 Az-- A. such that
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(a) if c, /3, 7" are elements of Ob([+)
with c--/3--’7 in , then
2er, and

(b) e,(Ui<e)) c rr
a.e(i) for any Ae,

where e,e’XeX. is a holomorphie
map corresponding to an arrow
in ,

(3 1) (2) if we define , M for
Ob() and iA, then "{V<)}A is a Stein covering of a for
every a Ob(),

g) l(3) Ev "ae) is equal to

idu for a Ob() and iA,
where Ea,’, is a holomorphic
map over M corresponding to an arrow

in + and

(4) vl,>=Pr . MM
(projection to , where ’-- -aand 0 .

We take the C6eh resolution ’(, m)of
the complex / with respect to the covering

U for each ,. Then the natural homo-
morphism

s(a.,.,) [1] s(a.,tot" (., .,)) [1]
is an isomorphism in D+(, C). Since s(a.,
tot’(., .m)) [1] is ,-aeyelie, we have

g
Ro() (,s(a.,tot (, .,)) [1]).

By use of this isomorphism, following the argu-
ments of Katz and Oda in [3], we calculate the
Gauss-Mannin connection 7 on R(). From
this the Griffiths transversality follows. We
should mention that the analytic local triviality

assumption on the family . M is neces-
sary so that this procedure can be carried out in
or rgents.

4. Infinitesimsl period map, Let
M be an n-cubic (n l) hyper-equisingular

family of complex projective varieties, paramet-
rized by a complex manifold M. For each

+, we denote by / the sheaf of germs of
holomorphie tangent vector fields along fibers on

,(o "= or 0"= (0,..., 0) ), an
(m, )the sheaf o germs of O,-valued
derivations 0 along fibers on , i.e., 0 (m,
.) are ’O-linear maps a,O, with
the property O(ab) O(a) b + aO(b), where ’ is the topological inverse of the
structure sheaf of M by the map . For each

we e[ine

tad a.7/M--’ (95/, .) and

ooa /--(m, .)
by ta,(O) Oa for 0 aa.#M,

wa,(p) "= a,9 for 9,
where aa" aa.O, denotes the pull-back.
We define the sheaf of germs of holomorphic tan-
gent vector fields along fibers (a.) of an n-cubic

hyper-equisingular family . M of complex
projective varieties, parametrized by a complex man-

ifold M, by
Y(a.)

(0.) (ta.(O.) wa.(Oo))).
Now we are going to define the Kodaira-

Spencer map of a family . M as a map

where ff denotes the sheaf of germs of holomor-
phic tangent vector fields on M. We take a point
o M and put

Xa’= (’aa) -1(0) (, n), X "= - (0).
By the "analytic local triviality" of a family
a.

M, shrinking M sufficiently small around
o, we are allowed to assume that there is a spe-
cial system of Stein coverings a "=

i iA

of X, (a 2), subject to the requirements in

(3.1). We take such a system of Stein coverings

of . M and fix it. In the subsequence
we will always calculate with respect to this
coverings. For each a 2 we denote by
C(,, ff.m) (resp. Z(fa, ff./u)) the p-th
Cch cochains (resp. the p-th Cech cocycles) with
values in the sheaf ff.m with respect to the
Stein covering . We define a subcomplex

C(a.) of @2C(a, ff./m) by
C(a.)

(4.1) Ker{@,:C (,
,.,a.-a., @.<.C Wo, (, ) }.

(a)l (a) +Let (t,’’ ", tm) and tx ,’’’, x ) (a n,
i A,, n,’- dim X, for ., no the loc-
al embedding dimension of Xo- be local
coordinate systems on M and respectively
(for X0 X we take a local embedding X
at each point of X and consider the problem mod-
ulo j(, the ideal sheaf of X in o). Then

(a)l
t, tin) constitutes a local
V (a) (a)

coordinate system in , U x M. We de-
note by
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(a)tt ()tt (a)l ()n
X Q91 (X ,’’’, X tl,’’’, t)

(1 g p g n.)
t te (1 g m)

the transition functions of local coordinate sys-
tems in for i, j A with

U/a) O. They satisfy the compatibility condi-
tions"

(a) (a)l (q)a
Lx ,’",x t)

(a) (a) (a) (a)

L Lx ,’’’, x ),’’’,
(a)n (a)l (a)x ,-",x t), t).

Hence
") t) =t

(a) (a)

(x ,t),t) 8t ,t)+
(a)

t Lx t), t)

This implies that if we define
(a)

Ox
F(M, ), then

z
On each g/ A)we express the holomor-
phic map E" corresponding to an
arrow B in . as

() ea,(x) ()n
,-’-, x (1 </ < n)

[t= t (1 m)
They satisfy the compatibility conditions:

ik (ea, kXk ), eao,na k t)
(B) (B)eaa,a(i (x t)) (1 ha).

Hence

(ea,i kXk ),’’’, (Xk t)t eaa’na
()

x t):= ( x ,t)) Ot.
This means dEa (0) Ea (Oa). Hence

zi(a.), where Z(a.)stands for 1-cycles
complex C’(a.) defined in (4.1). It is fairly easy
to check that for each n 0a in fact defines
an element of C(a (Vo), ,/M), where

v/O,)a, (Vo) (a2x( }Ao, because aa"
is a product family over each o) Vo(i Ao).
Hence {0a}. ZX(Vo, (a.)). We define
F(M ) H (, (a.) by

"= Y(a.))
(Cech cohomology)
= Y(a.))

for v F(M, M). We can see that the map
thus defined is independent of the choice of a
system of Stein coverings {ffa}. 2 of . - ,subject to the requirements in (3.1) as a map to
H(, (a.)). Localizing the map at each
point of M, we have the map P:ffM
R,(a.).

4.1 Definition. We call the map p thus de-
fined the Kodaira-Speucer map of an n-cubic
hyper-equisingular family . M of com-
plex projective varieties, parametrized by a com-
plex manifold M.

We define

Gr Re F+(R()(()) F (Re.()) /

Then, by Theorem 3.1, (i),
Gr e Re- ,./M(RoM()) ,(s(a [1]))

By Theorem 3.1, (iii) (the Griffiths transversal-
ity), the Gauss-Mannin connection on Ro()
induces the following map:
Gr(7) Gr e(Re()) M @ Gr- e(Re.())

R-=,(s(a.,9$.m) 1]
R ,(s [1(a.,9./,) ])

This map Gr(7) is related to the Kodaira-
Spencer map p as follows:

4.2 Theorem. The following diagram com-
mutes up to (-- 1)+

r. Gr (V)

YM Home. (Re-,(s(a., [1])
Re-’+,(s

9x’m)

N /
P N / by "contraction"

R,ff(a.)
where v" Gr(g) is defined to be the contraction of
Gr(e)( by r.

The proof of this theorem is a straightfor-
ward calculation in terms of local coordinates.

References

[11

[2]

I31

[41

P. Deligne: Theorie de Hodge. III. Publ. Math.
IHES, 44, 6-77 (1975).

F. E1 Zein: Introduction fi la thorie de Hodge
mixte. Hermann, Paris (1991).

N. M. Katz and T. Oda: On the differeneiation of
De Rham eohomology classes with respect to pa-
rameters. J. Math. Kyoto Univ., 8, no. 2, 199-
213 (1968).

S. Tsuboi: Cubic hyper-equisingular families of
complex projective varieties. I. Proc. Japan Acad.,
71A, 207-209 (1995).


