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Introduction. In this paper we shall give a definition of loga-
rithmic deformations of holomorphic maps and prove the existence of
the semi-universal family. If the map we consider is non-degenerate,
this family turns out to be universal. The concept of logarithmic de-
formations of holomorphic maps is stimulated by Y. Kawamata’s
paper [3].

As a by-product we shall obtain another proof of the existence of
the universal family of equisingular displacements of surfaces with
ordinary singularities, which has been already proved by M. Namba
[6]. Following Y. Kawamata, we use the terminology “equisirigular”
in the sense that they admit a simultaneous embedded resolution. Our
result cannot cover K. Kodaira’s existence theorem [4]. However, in
case that the ambient threefold W satisfies the condition H*(W, ©,,)=0,
our theorem includes it.

Our method is expected to be useful for the proof of the higher
dimensional analogue of the equisingular displacements of complex
spaces with “ordinary singularities”.

§1. Logarithmic deformations of holomorphic maps. Let X be
a. compact complex manifold, C an analytic subset of X of simple
normal crossing, and f a holomorphic map of X into a complex mani-
fold Y.

Definition 1. By a family of logarithmic deformations of
X, C, f), we mean a 6-tuple (¥, G, @, n, 0, T) satisfying the following:

@® (%o’ Co’ ¢0)=(X, C, f) and o e T,

Q) (¥-0C%,Cr, o0,T)is a family of logarithmic deformations
of (X—C, X, (cf. [3]),

®) (X,9,r7,T)is a family of holomorphic maps into Y (cf. [5]).

We define the concepts of equivalence and completeness of families
of logarithmic deformations of holomorphic maps into Y as in [3] and

[5].
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Let (X,C, @, 7,0, T) be a family of logarithmic deformations of
X, C, f). Then we have a cohomological complex of sheaves on X of

length 1: £,: 08, (log C)——> /0,0, where @,(og C), O, and F
denote the logarithmic tangent sheaf of (X, C) (cf. [3]), the tangent
sheaf of Y, and the canonical homomorphism df respectively. Using
the logarithmic coordinate on XX (cf. [3]), we define the characteristic
map

r: T, T—>H\(X; L)
as in [5], where H'(X ; _L,) is the first hypercohomology group of L.

Theorem 1. For any (X, C, f), there exists a family (X, C, D, «,
0, T) of logarithmic deformations of holomorphic maps into Y such
that

Q) : TT-H'X; . L, is injective,

) the family is complete at any point te T.

Moreover the parameter space T is defined as follows: There exists
a holomorphic map h of a neighbourhood of the origin of H'(X ; L)
into H*(X ; L) such that T =h"1(0).

To prove this theorem in the case that C is not a divisor, we need
the following propositions. Let X be a monoidal transform of X with
a canonical center of C (cf. [3]), D the total transform of C and f the
lifting of f.

Proposition 1.1. For any family (X, D, &, #, 0, S) of logarithmic
deformations of (X, D, f), there exist an open neighbourhood S’ of o
and a family (X, C, @, &, 0, S’) of logarithmic deformations of (X, C, f)
such that s is a monoidal transform of X, 9s the total transform
of Cand @ the lifting of @.

This is a consequence of [1] or [2] Theorem 9.1.

Proposition 1.2. (1) H"(X; Ly=H"X; L, for n>0.

@) The isomorphism of (1) for n=1 commutes with the charac-
teristic maps.

Proof. Let7: X—X be the natural morphism. At first we have
the following spectral sequence by considering the composite of the
functors I'(X,*) and 7,: E2*=H"(X, R, Ly)=—>H"(X; L,) where
Ry, is the g-th hyperderived functor of 7,. Next we have R%,.L,
=HY(L,) by [3] Theorem 2. Finally, through the spectral sequence
Eri=H*(X, H(L,))—>H"(X ; .L;), we have the isomorphism (1). (2)
follows by a direct calculation.

Proof of Theorem 1. By these propositions, we may assume that
C is a divisor. Since @,(log C) is locally free if C is a divisor, we can
construct the desired family by the method in [5]. Q.E.D.

The following theorem is proved analogously as [8] since
H'(X; .fc)‘:‘O
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Theorem 2. If fis a non-degenerate map, the family in Theorem
1 is the universal family.

§2. Equisingular displacements of surfaces with ordinary singu-
larities. Let W be a compact non-singular threefold and S be a
hypersurface of W with only ordinary singularities (cf. [4]). We
denote by P and 4 the set of all triple points of S and the double curve
respectively. Let og,: W,—W be the monoidal transformation of W
with the center P, 4, the proper transform of 4, and ¢,: W= wW,—-W,
the monoidal transformation of W, along 4,, then the total transform
D of S by the composition f=g, 00, is of simple normal crossing.

If E=(S,r,0,T) be a family of equisingular displacements of S
in W (cf. [4]), then we have a family of logarithmic deformations
LE)=V, 9, D, #, 0, T) of (W, D, ) by a succession of monoidal trans-
formations of the above type.

Proposition 2.1. (1) For any family of logarithmic deforma-
tions L=, D, @, #, 0, T) of (W, D, f), there exists a family of equi-
singular displacements E=(S,x,0,T’) of S in W parametrized by a
netghbourhood T’ of o in T such that L(E)=L,,.,

@) let L(E)=L, (1=1,2), then E, is equivalent to E, if and only
if L, is equivalent to L,,

B) FE is maximal at t e T if and only if L is complete at t e T.

Proof. (1) From Fujiki-Nakano [1] or Horikawa [2] Theorem 9.1,
we infer that there exists a family (9, #, 0, T') of deformations of W
parametrized by a neighbourhood 7" of o such that 9) is obtained by
a succession ¥'=rz,o7,: -9 ,—9 of monoidal transformations with
7,,=0; (1=1,2). Since y=90,¥ ' is a bimeromorphic map of 9 to W
X T’ over T’ and y,=1idy, x induces a biholomorphic map of 94/ ,. onto
W x T” over a neighbourhood T of 0. Then we may assume that @:
GP—Wx T is a succession of monoidal transformations of the same
type as above. It is proved in [6] Ch. 3 that (S, z, 0, T) is a family of
equisingular displacements of S in W if we set S=0(9), n=p, s and
replace T by a smaller neighbourhood of o, where p, denotes the pro-
jection of W x T onto the second factor.

(2) and (3) are easily checked. Q.E.D.

Under the above situation, the following proposition is a con-
sequeuce of [7].

Proposition 2.2. (1) H"(W; _L)=H"\(S, Dg) (n=1).

(2) The following diagram commutes :

v 5 H 1(W s Lo
I < h
H(S, D)

where the characteristic map o of (S, n, 0, T) is referred to [4].
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Hence we derive the following existence theorem of equisingular
displacements of surfaces with ordinary singularities from Theorems
1 and 2.

Theorem 3. For any (W,S), there exists a family (S, =, 0, T) of
equisingular displacements of S in W such that

1 S,=S8,

@) o.: T,T—-HS, D;,) is injective for any point te T,

) the family is universal at any point te T.

Moreover the parameter space T is defined as follows: There exists o
holomorphic map h of a neighbourhood of the origin of H'(S, @) into
H\(S, @) such that T=h"'(0).

Proof. Theorems 1 and 2 assert the existence of the family
(S, 7, 0, T) of equisingular displacements of S in W which is effective
and universal at the reference point o € T and maximal at any point
teT. Since On([S)) is an invertible sheaf over WX T and @, is a
subsheaf of Oy ([S])s,, the effectivity at any point ¢ e T sufficiently
close to o follows from the one at 0. From these we also infer that
the family is universal at ¢ ¢ T sufficiently cloge to o. Q.E.D.
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