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Abstract. In [17] we have proved formulas which give the Chern numbers of the normalization X
of a hypersurfase with ordinary singularities X in P#(C), though we have no concrete examples such
hypersurafces whose structures are known. In this article we report some results of our trial to find out
concrete examples of hypersurfases with ordinary singularities in P#(C), which are expected to be useful
to see that our formulas for the Chern numbers certainly hold. As a result, it turns out that the formulas

for [y c3 and [ ¢} in [17] are incorrect. We give the formulas amended correctly.

1 3-dimensional hypersurfaces with ordinary singularities

Throughout this article we work over the complex number field C. We begin with recalling the definiton

of 3-dimensional hypersurfaces with ordinary singularities.

Definition 1.1. ([13]) An irreducible hypersurface X in a 4-dimensional complex manifold Y is called a
3-dimensional hypersurface with ordinary singularities if it is locally isomorphic to one of the following

germs of hypersurface at the origin of the complex 4-space C* at every point of X:

(i) w=0 (simple point) (ﬁ) zw =0 (ordinary double point)
(iii) yzw = 0 (ordinary triple point) (iv) Xyzw = 0 (ordinary quadruple point)
(v) xyz —22=0 (cuspidal point) (vi) w(xyz — Zz) =0 (stationary point),

where (x,y,z, W) is the coordinate on C*.

Examples of 3-dimensional hypersurfaces with ordinary singularities are obtained by projecting smooth
threefolds, i.e., smooth algebaric varieties of dimension 3, embedded in a complex projective space PN (C)
(N > 5) to its 4-dimensional linear subspace by a generic linear projection ([10], [14]). In the subsequence
we will explain what the word “generic” means and why this fact holds. Let X be an n-dimensional smooth
subvariety of PN(C), and A an (N-m-1)-dimensional linear subspace of PN(C), Y an m-dimensional linear
subspace of PN(C) such that A and Y are situated in general position. We assume that X N A = (), and
SO

(N-m-T)+n<N&&sSn<m+ 1.

Definition 1.2. For X, A and Y as above, we define the linear projection ma : X = Y of X from A to Y
by
Tia(x):=L(x,A)NY (x € X),

where L(x, A) denotes the (N — m)-dimensional linear subspace of PN (C) generated by x and A.



We denote by G(N-m-1, N) the Grassmann variety of (N-m-1)-linear subspaces of PN(C). We consider
A as an element of G(N-m-1,N) and vary it.

Next, we give the definition of a locally stable holomorphic map. Let f : M — N be a holomorphic
map between complex manifolds, and S a finite subset of M. We denote by f: (M,S) — (N, f(S)) the
multi-germ of a holomorphic map f at S.

Definition 1.3. A multi-germ of a holomorphic map f: (M,S) — (N, f(S)) is defined to be stable if any
deformation (= parametrized unfolding) of it is trivial.

Definition 1.4. A holomorphic map between complex manifolds f : M — N is defined to be locally stable
if for any finite subset S of M, the multi-germ of a holomorphic map f: (M,S) — (N, f(S)) is stable.

With these notation and terminology, we have:

Theorem 1.1. ([10]) Let X, A and Y be the same as in Definition 1.2. If (n, m) belongs to the so-called
“nice range”, then there exists a dense open subset U of G(N-m-1,N) such that, for any A € U, the
linear projection ma : X = Y of X from A to'Y is a locally stable holomorphic map.

Here we do not explain what “nice range” is, but we only mention that in the case m =n+1, (n,m)

belongs to the “nice range” if and only if n<14. From this theorem we can derive the following:

Proposition 1.2. Let X be a smooth algebraic threefold embedded in PN(C) (N >5), and A an (N-5)-
dimensional linear subspace of PN(C), Y a 4-dimensional linear subspace of PN(C) such that A and Y
are situated in general position. Then there exists a dense open subset U of G(N-m-1,N) such that, for
any N\ € U, the image of X in Y by the linear projection ma : X = Y from A to Y is a hypersurface with
ordinary singularities in Y.

Roughly speaking, the proof of this proposition proceeds as follows: First note that the pair of integers
(3,4) surely belongs to the so-called “nice range”. Generally, stable holomorphic map germs at a point
are classified by the C-algebra

Rf = Ox p/f my¢(p) (My ¢(p) : the maximal ideal of Oy ¢(p))

associated to f: (X,p) = (Y,f(p)). In the case where dim X = 3 and dimY =4, C-algebras associated to
stable holomorphic germs at a point are only one of the following:

Ao =CINI/(x), A;=CIKI/(x?).

R ~ Ay is the case when f is non-degenerated at x, i.e., the Jacobian df of f has maximal rank at x.
The normal form of the stable map germ f : (C3,0) — (C*,0) with R¢ ~ Ay is given by

yrof=x
yrof=x2
ysof=x3

ygq o f =x1%3,

and if we define



where f, denotes the map germ of f at x € C3, then
C(A7) :x1 =x3 =0.
The equation of f(C3) ¢ C* at 0 is given by
ysyi —vi =0,

which is the so-called Whitney umbrella, or cuspidal point, or pinch point. By this and the fact that a
locally satable holomorphic map is a Thom-Boardman map satisfying condition NC (normal crossing),
we have the proposition above (For details, see [14]). For the precise definition of a Thom-Boardman map

satisfying condition NC (normal crossing), see [4].

2 Chern numbers of the normalization of a hypersurface with
ordinary singularities in P*(C)

Throughout §§2, 3, we fix the notation as follows:

Y :=P4(C) : the complex projective 4-space,

X : an algebraic threefold with ordinary singularities in Y,

J : the singular subscheme of X defined by the Jacobian ideal of X,

D : the singular locus of X,

T : the triple point locus of X, which is equal to the singular locus of D,

: the cuspidal point locus of X, precisely, its closure, since we always consider C contains the
stationary points,

C

£q : the quadruple point locus of X,
L5 : the stationary point locus of X,
Ny : X — X : the normalization of X,

f: X =Y : the composite of the normaliztion map ny and the inclusion t: X =Y,
J : the scheme-theoretic inverse of | by f,
D, T, C and Xs : the inverse images of D, T, C and Xs by f, respectively.

We put
n:= deg X (the degree of X in P4(C)), m :=degD, t:=degT, v := deg C.

Note that T and C are smooth curves, intersecting transversely at £s, and that the normalization X of X
is also smooth. Calculating by use of local coordinates, we can easily see the following:

(i) J contains D, and the residual scheme to D in | is the reduced scheme C, i.e., I3 = Ip ®q, Jc,
where Jy, Jp, Jc are the ideal sheaves of J, D and C, respectively (cf. [3], Definition 9.2.1, p.160);

(ii) D is a surface with ordinary singularities, whose singular locus is T,

(iii) D is the double point locus of the map f: X — Y, i.e., the closure of {q € X | #f~1(f(q)) > 2} ;
(iv) the map fjp:D — D is generically two to one, simply ramified at C;
)

(v) the map fir: T — T is generically three to one, simply ramified at Zs.

Concerning the Euler number of X, denoted by x(X), we have the following;:



Proposition 2.1. ([16], Proposition 2.3)
(2.1) Xx(X) = n2n?—=7m+9) —2B3n—7)m+6t—4y—c

where ¢ denotes the class of X, i.e., the number of hyperplanes being tangent to X at a point and passing
through a fized generic 2-linear subspace of P*(C).

To prove the proposition above we use a Lefschetz pencil £ = Unep: X» on X, consisting of hyperplane
sections of X. We denote by B the base point locus of £, which is an irreducible curve of degree n with
m nodes on X. Let o: X~—> X be the blowing-up along n; (B), and let £ = Uxep Xa be the pull-back of
L to X by Nx o 0. Then L gives a fibering of X, whose fiber is a smooth surface except over finite points
A1,--+,Ac of P, Every singular fiber over Ai_(1<i<c) is a surface with only one isolated ordinary double
point. The Euler number of a general fiber X, is given by

x(Xa) =n(n? —4n +6) — (3n — 8)m + 3t — 2y,
waich is a classical formula for surfaces with ordinary sungularites. From thses facts, (2.1) follows.

The formulas for the Chern numbers of X are as follows:
Theorem 2.2.

c3 =x(X) = —nm>=5n% +10n—10) + (4n? — 15n — 2m + 20)m — (4n — 15)t
dX

+ (n+10)y + 5deg [Kx - Cl — #X5 + 2x(C, O¢) + 4#Xq.

3 =-nmn-573+6Mn—->5>*m—3n—5)(nm+3t—7y)
JX
+ (M2 —2m)m+5nt — (2n —5)y + deg [Kx - C] — #X5 4+ 4#417.

[ crea = —24x(X, Kx) = —24 (Y, Ox([(n — 5)H] — D)) + 24
tJX

=—(n—-4)n-3)(n—2)(n—1)+24x(D, 05(n—5)) + 24,

where Kx is a canonical divisor of X.

Remark 2.1. The formulas for [, c¢3 and [, c3 in [17] are false. This is because the diagram
C —— X

o |

is not Cartesian, since [f~'(C)] = 2[C], and so we cannot apply the excess intersection formula (cf. [3],

Theorem 6.3, p.102) to calculate f*[C]. Hence, the identity

f*[Cl=fX]-[C] - [D - C,

on page 299 in [17] is incorrect, and the second identity at (3.26) on the same page in [17] must be
replaced by

[D - Cl = f*[X+ Kyl - [C] = [Kx - C],

which follows from the double point formula [D] = f*[X + Ky] — [Ky], where Kx and Ky are canonical
divisors of X and Y, respectively.

The most hard part of Theroem 2.2 is the first formula for the Euler number. The class c is nothing
but the degree of the top polar class of X. Thanks to Piene’s formula in [11], calculating the Segre classes
of the singular subscheme | of X, we have

c=Mm—1Pn—“4n?—9M—2m+6)m+ (4n —9)t — (n+ 14)y — 5deg [Kx - C] + #Z5 — 2x(C, O0¢) —4#1q.

For the precise definitions of polar class and Segre class, see [11] or [3].



3 Linear projections of rational threefolds

The following is an example of a 2-dimensional hypersuraface with ordinary singularities in P3(C), named
Steiner surface:

(xy)? + (yz)* + (2x)* + xyzw = 0,
where [x :y : z: W] is the homogeneous coordinate on P3(C). Its singular locus consists of the three lines

Ao, A and A, defined by x =y =0,y =z =0 and z = x = 0, respectively, which we call the double
curves of it. The Steiner surface has one ordinary triple point [0: 0: 0 : 1], six ordinary cuspidal points

(1:0:0:v2],[1:0:0:—v2],[0:1:0:v2],[0:1:0:—v2],[0:0:1:v2],[0:0:1:—V2], two of which
lie on each of the line A, and no quadruple point. The Steiner surface is obtained as the image of the
composite of the quadratic Veronese map (embedding)

vailio:&1:8] € P?C)
— (B3 ES &0y 1 E0Ea i ErEn] = [x0 X1 1 X2: Yo Y1 :Y2] € PP(C)

and the linear projection

(XX :1X2:Yo:y1:y2) € P?(C)
— (Yo:yr:yz:—(x0+x1+x2)) = (x:y:z:w) € P*(C)

The center of the linear projection 7ty is the line

L:yo=y1r=y2=x%x0+x1 +x2 =0.

In what follows we try to find out similar examples in 3-dimensional case. First, we recall the formulas
which express multiple-point cycle classes and ramification point cycle classes in terms of invariants of
X and Y for an appropriately generic morphism f : X — Y between smooth algebraic varieties with
dim X < dimY, where cycle classes mean equivalence classes in the ring A.X of algebraic cycles on X
modulo rational equivalence. We set

M, = { x € X | there exist T distinct points (possibly infinitely near each other) in ' f(x) },

and call it the r-fold point locus of f. M, has naturally the structure of a reduced subscheme. We denote
by [M,] the element of A.X determined by M,. We set n =dim X, m =dimY (n < m), and

R:= { x € X | rank(df)x<n —1 },

where df is the Jacobian map of f. R is called the ramification locus of f, or the singular locus of f. R has
naturally subscheme structure; it is defined by the ideal generated by the n-mionors of df : Tx — f*1y,
where Tx and Ty denote the tangent bundles of X and Y, respectively. We denote by [R] the element of
A.X determined by R.

Theorem 3.1. Let X be a smooth algebraic threefold embedded in PN(C) (N >5), Y a 4-dimensional
linear subspace of PN(C), and ma : X =Y the linear projection of X from an (N —5)-dimensional linear
subspace A of PN(C) to Y. We denote by X the image of X by ma. If ma is generic, that is, if A
corresponds to a point of a suitable dense open subset of the Grassmann varity G(N-5,N) | then My is

empty for i >5 and . ) )
dimM; =4—1i (2<i<4).

Furthermore, under the same assumption, we have:

[M2] = 5 [X+ Ky] — Kx,
1

Ms] = 5{ IMa]? = [Ma] - e () + 262 (v) + Taianer (X) — 1 (Ver (X)

Mal = 3 { AL 21M3] — 361 (v) - (21Ms)) + 6ea () Ma] — ey (viea(v) — 12e3(v) },

where v := T\ Ty — Tx is an element of K(X), called the vertual normal sheaf of ma.



The above theorem is a conclusion derived from multiple-point formulas due to S. L. Kleimen ([6], [7]).

Theorem 3.2. With the same notation and under the same assumption as in Theorem 3.1, R is a smooth
curve (possibly reducible), and
[R] = c2(v).

The fact that R is smooth follows from that ms is a Thom-Boardman map. Tha last identity in the
theorem is a conclusion derived from the Porteous formula ([12]).

In the subsequence, we denote by Hpn a generic hyperplane in P™(C), and by H},n the intersection
of 1 hyperplanes in general position in P™(C).

Example 3.1 (Generic projection of Segre threefold): Let s : P'(C) x P?(C) — P3(C) be the map
defined by

[so:si]x[to:t;:t] € P'(C)xP?C)
—  [soto :soty :sota:sito:sityisital =[xo: X1 :%2:Yo:y1:ya2) € PP(C)

i.e., the Segre map from P'(C) x P2(C) to P?(C). We set
Y1,2:=s(P'(C) x P*(C)),

which is called Segre threefold. It is a rational normal scroll, and as such is denoted by Xi 1, whose
meaning is as follows: We take three points po,p1, P2 in general position in P?(C),and set

Lo == s(P'(C) x po),
Ly :=s(P(C) x p1)
L, :=s(P'(C) x p1).
These are three lines in general position in P°(C). We denote the natural isomorphisms
ei:Lo—o L (1=1,2).

Then X, , is described as

Li2=J pe1p), 02(p),
pelo

where p, @1(p), @2(p) denotes the 2-dimensional linear subspace of P>(C), generated by p, @1(p) and
©2(p).

Proposition 3.3. We denote by XL, the image of X1, by a generic linear projection from a point
p € P?(C) to P*(C). Then:
deg Z] 2 = 3.

Proof: By the definition of s : P'(C) x P2(C) — P>(C),
s*[Z12 NHps] = [Hp1 x P?] 4 [P! x Hpa].

Hence 5 : )
s*[Z12NH3s] = ([Hpr x PA+ [P x Hp2])® =3[Hp1 x Hp, 1.

Since Hp1 x H32, is a point of P'(C) x P?(C),

p2
J 12 NH3, :J 12 NH3, :J- s*[Z12NH =3,
p4 E P1xP2

ie., degXy =3. [ ]

By Theorem 3.1 and Theorem 3.2, we have:



Proposition 3.4. We denote by f : P'(C) x P2(C) — P*(C) the composite of the Segre map s :
P'(C) x P?(C) — P>(C) and a generic linear projection T, : P>(C) — P*(C). Concerning the multiple-
point loci and the singular locus of f, we have the following:

(3.1) [Mz] = [P1 X sz]
(3.2) M3] = [M4] =0,
(3.3) [Rl = [Hp1 x Hp2] 4 [P! x H3.]

Proposition 3.5. Concerning the various singular loci of X := £1 2 = (P! x P?), we have the following:

(3.4) deg [D] =1,
(3.5) deg[C] =2,
(3.6) [T] = [Zq] = [£5] = 0.

Proof: Since f,[M3] = 2[D], by the projection formula,

(3.7) f.([M2] - f*[Hpa]) = 2[D] - [Hp.].
Since

(3.8) f*[Hpa] = [Hp1 x P21 4 [P x Hp2],
we have

f*[HP4]Z = ([HP1 X PZ] + [P1 X sz])z = 2[Hp1 X sz] + [Pl X HIZ;;z]
Hence, by (3.1)

[Ma] - £ [Hpa]? = [P' x Hp2]- (2[Hpr x Hp2] + [P! x Hp.])
= 2[Hpr x Hp.].

Therefore, since Hp1 X le,z is a point of P! x P?, by (3.7) we have

J D] - [Hpal? = 1.
p4

Similarly, using the fact f.[R] = [C], we can prove (3.5) as follows: By the projection formula,
(3.9) fo([R] - f*[Hpal) = [C] - [Hpal.
By (3.3) and (3.8),

[R]- f* [Hps] = ([Hp1 x Hp2] + [PT x HZ,]) - ([Hp1 x P?] +[P! x Hp2])
= [Hpr x H&, ]+ [Hpr x H2,] = 2[Hpr x HE,]

Therefore, since Hp1 x H2, is a point of P! x P2, by (3.9),

J [T - Hp] =j [R] - £*[Hpa] = 2.
pa P1xp2

By Proposition 3.3, Proposition 3.5, Proposition 2.1 and the formula for IX c3 in Theorem 2.2, we
have:



Proposition 3.6. Concerning the class c of X and the Euler Poincaré characteristic x(C, Og) of the
cuspidal point locus (smooth curve) C of X, we have the following:

CZO, X(6,06)21

The concrete equation of X ; can be calculated as follows: The Grébner basis of the homogeneous ideal
of £, in P?(C) is given by

XoY1 —X1Yo, XoYz2 —X2Yo, X1Yz2 —X2Y1.
Hence the point p:=1[1:0:0:0:1:0] is not included in £; ;. We consider the projection 7, from the
point p to the hyperplane
H:xo =0.
This projection 7, is given by
[xo:x1:x2:Yo:y1:y2l € P’(C)
— (ax)p —(ap)x =xop —x =[0:%7 : X2 : Yo : Y1 — %o : Y2 € H.

where a = [1:0:0:0:0: 0] is the normal vector of the hypersurface H, and ( | ) denotes the inner
product. We regard H as P4(C) and denote its homogeneous coordinates by [zo : z1 : 25 : 23 : z4]. Then
7, 0s: P1(C) x P2(C) — P*(C) is given by
[so:s1] x[to:t1:t2] € P'(C)xP?C)
S z0:21 12223 z4] = [sot1 @ Sota i sito:s1ti — soto : s1t2] € PH(C).

We set _
X := (m, 0s)(P'(C) x P3(C)).

Computing the Grébner basis of the ideal of X in P#(C) by the aid of computer, we obtain the defining
equation of X as follows: o
X: zzz% +2z3(z124) — zozﬁ =0.

The singular loci of X are:

D: {z1 :24:0},
C: {z1 ZZ4:O}H{Z§+4zozz:0}.

Example 3.2 (Generic projection of rational scroll X3 2, in P#(C)): Let v, : P'(C) — P?(C) be the
quadratic Veronese map (embedding), s : P?(C) x P?(C) — P3(C) the Segre map, and consider the
composition

vy xid

P'(C) x P2(C)25p2(C) x P2(C)——P8(C).

The image of this map is a rational normal scroll, and is denoted by X, > >, whose meaning is as follows:
We take three points po,p1,P2 in general position in the second factor P?(C), and set

Lo := s(P?(C) x po),
L; :=s(P%(C) x p1),
L, := S(PZ(C) X pz).

These are three 2-dimensional linear subspaces in general position in P8(C). Furthermore, we set

Co == (s o (v2 x id))(P'(C) x po),



Cy == (so (v2 x 1d))(P'(C) x p1),
Cz:=(so(v2 x1d))(P'(C) x p2).

Each Cj is a quadric in L;. We denote the natural isomorphisms by
@iZCO—%Ck (iz],ZL

Then X3 > 5 is described as

X222= | P e1(p), 2(p),
peCo

where p, @1(p), 2(p) denotes the 2-dimensional linear subspace of P®(C), generated by p, @1(p) and
@2(p). We denote by X, 22 the image of X, 22 by a generic linear projection to a 4-dimensional linear
subspace of P&(C). The center of this pI‘OJeCtIOn is a 3-dimensional linear subspace of P¥(C). By Theorem
3.1, Theorem 3.2, Proposition 2.1, the formula for jx c3 in Theorem 2.2 and Remark 3.1 below, we have

the following concerning the degrees of X, ; > itself and the various singular loci of it:

Proposition 3.7.

deg[X22,] =6, deg[Dl =10, deg(TI=4, deg[Cl=8, #[Zql =0, #I[Is] =12,
c=0, x(C0g)=1

Example 3.3 (Steiner threefold): Let v, : P3(C) — P?(C) be the map defined by

[Eo:&1:&2:83] € P3(C)
— [E5: &7 1 &3 1651 E0&1 1 &0kt Eoks i Ea& 1 E1E3 : £283]
=[xo:X1:X2:X3:Yo0:Y1:Y2:Y3:Va:ysl € P7(C),
i.e., the quadratic Veronese map (embedding), A a 4-dimensional linear subspace of P?(C), and 7 the

linear projection from A to a 4-dimensional linear subsapce Y of P?(C), situated in twisted position with
respect to A. We set

X:=v2(P3(C)), X:=m(X).

Let us call this X Steiner threefold. By the same way to prove Proposition 3.7, we have the following
concerning the degrees of the Steiner threefold itself and various singular loci of it:

Proposition 3.8.

deg[X] =8, deg[D] =20, deg[T] =20, deg[C]=20, #[£ql =5, #[Xs]=40,
c=4, x(X, Ox) =—10

Remark 3.1. The number of stationary points s in Proposition 3.7 and Proposition 3.8 can be calcu-
lated by the identity

[T = *[X] - T — £*[T] — [Zs] + [Zq]
in Proposition 1.12 in [17].

It is difficult to calculate the concrete equations for X5 2 o 2.2 in Example 3.2 and X in Example 3.3 even
if we use computer, though it sometimes happens that we obtain the concrete equations of 3-dimensional
hypersurfaces in pt (C), which have other kinds of multiple-points than ordinary and stationary quadruple
points.
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