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Abstract

In this paper we shall give a description of the cohomology H* (S, ©s) for a
compact complex surface § with ordinary singularities, using a 2-cubic hyper-
resolution of S in the sense of F, Guillén, V. Navarro Aznar ef al. ([2]), where
Oz denotes the sheaf of germs of holomorphic tangent vector fields on S. As
@ by-product, we shall show that the natural homomorphism H 1(S,05) —
H'(X,0x(—log Dx)) is injective under some condition, where X is the (non-
singular) normal model of S, Dx the inverse image of the double curve Dg
of S by the normalization map f : X — 8, and ©x(—log Dx) the sheaf of
germs of logarithmic tangent vector fields along Dx on X.

1 2-cubic hyper-resolutions of compact complex surfaces with ordi-

nary singularities

A 2-dimensional compact complex space S is called a compact complex surface
with ordinary singularities if it is locally isomorphic to one of the following germs
of hypersurfaces at the origin of the complex 3-space C? at every point of S

(i) z=0 (simple point) (1) yz =0 (ordinary double point)
(#i1) zyz = 0 (ordinary triple point) (1) zy? — 2% = 0 (cuspidal point),

where (z,y, 2) is the coordinate on C°. These surfaces are attractive because every
smooth complex projective surface can be obtained as the normalization of such
a surface 5 in the 3-dimensional complex projective space P3(C). In fact, every
smooth, compact complex surface embedded in a complex projective space can be
projected onto such a surface S in P3(C) via generic projection. We denote by Dg
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the singular locus of S, and call it the double curve of §. Dg is a singular curye
with triple points. We denote by Zig the triple point locus of 5, and by Eeg the
cuspidal point locus of S. Let f : X — S be the normalization. Note that X ig
non-singular. We put Dx := f~1(Ds) and Tty := f~'(Bts). Dx is a singular
curve with nodes and 3y coincides with the set of nodes of Dx. Let ng : Df — Dg
and nx : D% — Dx be the normalizations, and let g : Dy — Dy be the lifting
of the map fipy : Dx — Ds. We put 5tg = ngl(Stg) and Lty = n}l()jtx).
Then a 2-cubic hyper-resolution of S in the sense of F. Guillén, V. Navarro Aznar
et ol. ([2]) is obtained as in the diagram (1.1) below. In the diagram, vg and vy
are the composites of the normalizations and the inclusion maps, and the square on
the left-hand side is the one induced from the square on the right-hand side.

Xan =) t% ~ DX =: Xon
X0 1= D th - D=2 X
(1.1) 10 =2 tg Ds 010
vx
L J US ‘r
Nix =1 X101 —| — X=X
y y
r ¥
Xioo =2, ts - S =: Xooo

2 De.scription of H'(S,©g) by use of the 2-cubic hyper-resolution of
5 |

We put Og := Hompg (2%, Os), and call it the sheaf of germs of holomorphic tan-
gent vector fields on S. We call H*(S, ©g) the infinitesimal locally trivial deforma-
tion space of a compact complex surface S with ordinary singularities. This naming
is due to the fact that the parameter space of the 1st-order infinitesimal locally triv-
ial deformation of S sits in this space, where "locally trivial deformation” means
the deformation which preserves local analytic singularity types. In the following
we shall describe H(S,©5) by use of the diagram (1.1). We denote symbolically
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the 2-cubic hyper-resolution of .§ in the diagram (1.1) by b. : X. — S. For each
o € Ob(07) == {a = (e, 01, 02) € 73 |0 < o; <1 for 0 <1< 2}, an object of the
augmented 2-cubic category in the sense of F'. Guillén, V. Navarro Aznar et al. ([2]},
we denote by ©x_ the sheaf of germs of holomorphic tangent vector fields on X,
(Xo == S for 0:= (0,0,0) € Ob(OF)), and by ©(0s,Ox,) the sheaf of germs of
Ox_-valued derivations on 5, i.e., 8 € ©(0g,0x,) is a C-linear map Os — bauOx,,
with the property #(uv) = 8(u}v + uf(v) for u,v € Og, where b, is the map from
X, to § in the diagram (1.1) (cf.[2]). For each @ € Ob(Oz) :={a € Ob(Od) | @ #
(0,0,0)}, we define thy : basOx, — O(Os,0x,) (resp. wh, : ©s — B(0s,0x..))
by thal6) = 6U% for B € bawOx, (resp. whal(p) = bl for ¢ € Og), where
bt :Os — baxOx,, denotes the pull-back.

Definition 1 We define

ek.) =
KGT{QQEOb (I:I;-) bcuexn — QQEOb (02) @(OS) Oxa) : (905) — tba(ga) —Wbcz(gﬂ)}!

and call it the sheaf of germs of holomorphic tangent vector fields to the 2-cubic
hyper-resolution b. : X. — S.

Further, we introduce the following notation:

©x (—logDx): the sheaf of germs of logarithmic tangent vector fields along
Dy on X, i.e., the subsheaf of ©x consisting of derivations of Ox which
send Z(Dx), the ideal sheaf of Dy in Ox, into itself.

Opy(—Xics — %t%): the sheaf of germs of holomorphic tangent vector fields
on DY which vanish on I c§ and £t§, where i cg is the nverse image
of the cuspidal point locus X ¢g of S by the normalization map ng : Dg
— Dg,

©ps, (—Tt%): the sheaf of germs of holomorphic tangent vector fields on D%
which vanish on £t%. (Note that 3t} coincides with the inverse image
of the triple point locus Ztg of Dg by the composed map nsog: Dy —
Dg.)

Proposition 1 There exists naturally the following exact sequence of Og-modules:

- r—
wf ®wrg

0—0g — £, Ox(~logDx) ® VS*@D:-Q(-—E ck — Itg)

—— i

Wy —wg

~1,.Ops, (—3t%)0 —
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where v .= fovy =vgog.

The proof of this proposition is a direct calculation by use of the local coordinate
description of themaps f : X — S,vg: D5~ S,vx : Dy —» X,and g: D% — Dy,

Corollary 1 ©(b.) =~ Og.

Theorem 1 If the map

H%X,0x(—logDx)) & H°(D%, ©py (- c§ — Lt%)) - H(DY, Ops, (—Tty))
is surjective, then we have

HY(S,0(b.)) ~ H'(S,05)

~ Ker{H(X,Ox(~logDx)) ® H*(D}%,Opy (—E ¢} — 5t3))
— H'(D%,©py (-Zt%))}-

Proposition 2 The map

HY(D%,©ps (- c§ ~ Bt5)) = H' (D%, Ops (—Xtk))
s injective.

The proof of this proposition will be completed after a few lemmas. First, we
will prove general facts about a double covering 7w : ¢y — C between compact
Riemann surfaces, or connected, compact complex manifolds of dimension 1. We
denote by T ¢ the branch locus of the double covering 7 : 7 — C, and by [E¢]
the line bundle over C determined by the divisor ¥ ¢. Due to Wavrik’s result ([7]),
there exists a complex line bundle F' over C such that;

(i) F®2 =[Z¢], and
(ii) Cy is a submanifold of F and the bundle map F — C realizes the double

covering 7 : Cy — C.

The transition functions of the line bundle F are given as follows: We choose a
covering {U;, Us} of C by polycylinders having the following properties;
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(@) UjNnZc=0,and UxNTc#Y,

(if) on Uy, Y. ¢ has the equation vy = 0 where u), is a local coordinate on U,

@) T U = U uu, U uud =0,

(iv) on UJ("), v =0,1, the map = is given by u; = 'uj(-") where u; and vg") are local
coordinates on U; and U}”), respectively, and

(v) on Ui s= 1~ YU, ), the map 7 is given by u) = v? where v, is a local coordinate

on Ui.

We define
1 i UPnU® %0

fis = { 1 U@n U“’ 0,
0
faj = g&f,
where g( ) denotes the coordinate-transformation function, ie., vy = g(o)( (O)).
Then { f,J, fAJ} are the transition functions of the line bundle F over C. We may

think that C; is a submanifold of F' defined by ¢ = 1 on n~1(U;), and by £2 = uy
on 7~ 1(U) where ¢; and &, are fiber coordinates of F over U; and Uy, respectively.

Lemma 1 With the notation above, there exists an ezact sequence of Oc-modules

(2.1) 0— O¢ — m0¢, = Oc(F~1) — 0.

Proof. We use the same notation as before. The homomorphism 7,0¢g, —
Oc{F 1) of Oc-modules is defined as follows: For a local cross-section (U] ) qb(o)),
(U, (1),¢(1)) of m,Oc¢, over U;, we put

i(us) = ¢ (ws) — ¢ (ws).

For a local cross-section (UE, @) of m.O¢, over Uy, we put

Palva) — Q”A(—'v,\)_

U

PYalun) =

We note that the right-hand-side of this is invariant by the transformation vy —
—v), and so it defines a holomorphic function on Uy. We can see that the collection
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{40;,%,} defines a local cross-section of Oc(F~!). Indeed, if Ui(o).ﬁ UJ(O) % 0, we
oo 69— 69 an 00 010, 40 = 4 o U9 1089 s 1. e

2

1 U nUP # 0, we have 7 = ¢{ on U 0 U, ¢V = 4 on UM ny©
and fi; = —1 Hence

;= ¢ — ¢ = ~(¢!” — M) = 519 on U ;.

If Uy NU; # 0, we have

dr(va) = ¢£0) ('Ufo)) on Uln Ui(o), and
da(wx) = o @My on U UM,

Hence

dr(—vy) = Q')( )( v, ) on Utl U(o)

and

() = $alvn) — éal=m) _ 60 @)1 (6O @) — gH (O}

Ux
= fri (wi)pi(w) on UxnNUi.

Thus the collection {1;, 4} certainly defines a local cross-section of O (F~1). We
define the homomorphism m.Q¢, — Oc(#-1) in (2.1) by the correspondence

(¢§°),¢§”) — t;  over U;, and
Gr — aver U.

The fact that the kernel of the homomorphism m,O¢, — Oc(F!) is O¢ is obvious.
The surjectivity of the homomorphism 7.0, — Oc(F 1) at apoint p € S ¢, is also
obvious. We will show the surjectivity of this homomorphism at a point p € Lex.
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Let 2 be a local cross-section of Og(F~1) at the point p. We may thmk of it as a
holomorphie function defined around p. Let

P(uy) = 2?_-0%“&

be the power series expansion of ¢ with center p. We put

on) = gzl

Then, since u = v2, we have

(va) - QSA(“"'UA).

Ux

Palu) = 2
Thus the homomorphism 7.0¢, — Oc(F 1) is surjective at the point p € Te.

Q.E.D.

Let w : C; — C and X ¢ be the same as before, and let 2 be a set of finite
distinet points of C with £cN St = 0. We put B¢, := 7~1(T¢).

Lemma 2 With the notation above, we have an ezact sequence of Oc-modules

(2.2) 0— Oc(—Ec¢—It) = m.0¢,(—2t1) » Oc(-Et) ® Oc(F~1) — 0.
Proof Since w,(m*0©c(—Xt)) ~ 0o (—Lt)®m. O, , tensoring the sheaf Oc(—Xt)

to the exact sequence in (2.1), we have an exact sequence of O¢-modules

(2.3) 0 — Qc(—%t) — m(1*Oc(—3Bt)) — Oc(—It) ® Oc(F~1) — 0.

We also have the following commutative diagram of exact sequences of O¢-modules:

0 —»  Oo(=%f) —, r(rOc(-3t)
T T

0 —= Oc¢(-Zc—2t) — T.0¢, (—Lt1)
T T

0 0
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where o7 denotes the pull-back. We will show that this diagram gives an isomop.
phism

(2.4) 100, (—St1)/Oc(~T ¢ — 5t) ~ my(1* O (=2t)) /Oc(—Zt).

To prove the surjectivity of the homomorphism in (2.4), we will first show that

(2.5) t‘ﬂ}(@cl ("‘Et])w—l(p)) + o(Oc(—5t)p) = 7 Oc(=Lt) n-1(p)

for any point p € C, where {1 denotes the map derived from the Jacobian map of
the map . If p & S¢, (2.5) obviously holds. Assume p € L¢. We put ¢ := 1 1(p),
and let « and v be local coordinates around p and ¢ with center p and g, respectively.
We may assume that the map #: Cy — C is given by v — u = v? at g. For a local
cross-section a(v)7*(8/8u) of T™*Oc(—Xt) around ¢ where a(v) is a holomorphic
* function of v, we express a(v) as

a(v) = a{0) + va1(v)

where ¢;(v) is a holomorphic function of v. Then we have

(3o () (o)) + T a0 (z)
= (e (9) + a(O)" () = alo)m* (5o,

which shows that (2.5) holds for the point p € ©¢. To prove the injectivity of
the homomorphism in (2.4), it suffices to show that, for any point p € C and
a local holomorphic cross-section 81 of m.@¢, (—Xt;) at p, if tw(61,p) belongs to
(O c(—5t)p), then 6y, belongs to the image Oc(—X ¢ — Et), in T+ O, (—Xt1)p
Since this is obvious if p ¢ Ye¢, we assume p € Zc. We take the same local
coordinates u and v around p and q := 7~ (p) as before, respectively. For a local
cross-section 8; = a;(v)(8/0v) of B¢, (—Tt1) at ¢, we assume that there exists a
local cross-section 8 = a(u)(8/0u) of @¢(—Lt) at p such that im(01) = @7 (8). Then

* o — PAREEY 6

2a; (v)vr (%) = a(v’)w ((%

Hence a{0) = 0, that is, & belongs to @c(—X ¢ — Lt). This means 6, belongé to

the image of @c(—E ¢~ Et) in 7,O¢, (—Tt1) at p. Now the exact sequence in (2.2)
follows from (2.3) and (2.4). :

Q.E.D.
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Remark 1 In the proof of Lemma 2, the equality in (2.5) is essential. This
equality tells that the double branched covering map m : Cy — C s locally stable in
the sense of J. N. Mather (cf. [1]).

Proof of Proposition 2 We may assume that D} is irreducible, and so it
suffices to show that the homomorphism

(26) HI(C, @c(—Ec — Et)) — Hl (01, @Cl (—Etl))

derived from the exact sequence in (2.2) is injective. For this purpose, we count
the degree of the line bundle O¢(~Xt) ® Og(F~!). We denote by K¢ and ¢(C)
the canonical line bundle and the genus of the curve C, respectively. Then, since
F®? = 0p([E¢]), we have

deg(Oc(~Xt) ® Oc(F-1)) = —deg K¢ — deg F — § 53t
= ~2(g(0)~ 1) - 5HZe -4,
where § denote the cardinal numbers of sets. Then we have
~2(g(C) —1) - %ﬁzc— §53t < 0
with the exception of the following cases:
(i) g(C)=1,Tc=0, and Xt =0,

(ii) g(C)=0,Zec=0,and 0 St < 2,

(iii) g(C)=0,Zc=2,and 0 <Lt <1,

(iv) g(C) =0, ESc=4, and Bt = 0.

Hence, excluding the exceptional cases listed above, we have

(2.7) H®(C,6¢(-%t) ® Oc(F 1)) =0,

and so the homomorphism in (2.6) is injective as required. Now, checking the
exceptional cases, case by case, we conclude that the homomorphism in (2.6} is
always injective.
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Corollary 2 If the map
(2.8)
HO(X,0x(~logDx)) ® H*(D%,Ops(—Ecs — Titg)) — HO(DY%,®ps (—~3t%))

is surjective, then the natural map

HY(S,05) — HYX,0x(—logDx))

is {njective.

By Cororally 2, we have the following:

Theorem 2 For a compact complez surface S with ordinary singularities, we de-
note by M (resp. My) the parameter space of the Kuranishi family of locally trivial
deformations of S (resp. of the pair (X, Dx)), and by o (resp. 01) the point of M
(resp. M) corresponding to the surface S (resp. the pair (X,Dx)). If the map
in (2.8) is surjective, then there exists a closed embedding from a sufficiently small
open neighborkood of o in M into that of o1 in My with h(o) = o1.
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