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General notation. If Y, Z, D, L, & are a complex manifold, a sub-
variety of Y, a divisor on Y, a holomorphic line bundle over Y and a
coherent analytic sheaf over Y, respectively, then we put

έ?γ\ the structure sheaf of Y,
Ωγ: the sheaf of germs of holomorphic p-forms on Y,
Tγ: the sheaf of germs of holomorphic vector fields on Y,
Kγ\ the canonical divisor of Y,
J?(Z)\ the sheaf of ideal of Z in έ?γy

Tγ( — Z): the subsheaf of Tγ consisting of those holomorphic vector fields
on Y which vanish on Z,

Tγ(\ogZ): the subsheaf of Tγ consisting of the derivations of έ?γ which
send ^y{Z) into itself (we call this sheaf the logarithmic
tangent sheaf along Z),

[D]: the line bundle determined by the divisor D,
έ?γ(L)\ the sheaf of germs of local holomorphic cross-sections of L,
<̂ V(L — Z): the subsheaf of &Y{L) consisting of germs of those local

holomorphic cross-sections of L which vanish on Z,
0>Y(L — 2Z): the subsheaf of ^V(L) consisting of germs of those local

holomorphic cross-sections of L whose fiber coordinates vanish
on Z together with their partial derivatives,

ΩY{L): = Ωγ ®sγ ^V(L) , ΩY(L - Z): - Ωγ <g)*F <9Y(JL - Z) ,

: = Tγ/Tγ(\og Z) , hq( Y, &): = dimc H'( Y, &) .

Furthermore, if Z is non-singular, we put
Nz/Y: the normal bundle of Z in Y, or the sheaf of germs of normal

vectors on Z in Y.

If f:Y1—>Y2 is a holomorphic map between complex manifolds, we
put

2: the cokernel of the natural sheaf homomorphism: TYl-+ f*TY2.
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Throughout this paper we mean by a surface a compact irreducible
analytic variety of dimension two, where an analytic variety means a
reduced complex space. Diagrams in this paper are always commutative
and exact unless otherwise explicitly mentioned.

Introduction. A surface S embedded in a compact threefold W is
said to be with ordinary singularities if, for each singular point p of
S, there exists on W a local coordinate (x, y, z) with center p such that;
in a neighborhood of p, the surface is defined by one of the following
three equations:

(1) yz = 0 (double point),
(2) xyz = 0 (triple point),
(3 ) xy2 — z2 = 0 (cuspidal point).
If we are given a non-singular algebraic surface X embedded in a

complex protective space PN(C) (iV^>4), projecting X into a three di-
mensional linear subspace P*(C)aPN(C) by a generic linear projection,
we get a surface S with ordinary singularities in P\C). We note that
in this situation X is the normalization of S. In view of this well-
known fact, Horikawa [3], Tsuboi [13] made attempts to compute the
number of moduli of deformations of the complex structures of some
algebraic surfaces X which are the normalizations of surfaces S with
ordinary singularities in P3(C) by computing the number of effective
parameters of maximal families of displacements of S in P\C). The
problem we encounter in this attempt is whether the so-called connecting
homomorphism

δ:H\S,Φs)->H\X,Tx)

is surjective, where Φs denotes the sheaf of infinitesimal displacements
of the surface S in an ambient space (for the precise definition see [13]
and [7]). In [13] we gave some sufficient conditions, expressed in terms
of some sheaf cohomology concerning S, X and the ambient space W of
S, for the connecting homomorphism δ to be surjective. In this paper
we shall sharpen this result (Theorem 1.1). Making use of this result,
we shall compute the number of moduli of certain algebraic surfaces of
general type which are the normalizations of surfaces with ordinary
singularities in the projective 3-space, of type (n, rlf r2, r8) (Theorem 2.1).

1. Proof of the main theorem. Let S be a surface with ordinary
singularities in a compact threefold W. We denote by X, Δ and Σt the
normalization of S, the double curve of S and the set of triple points of
S, respectively. We consider the following diagram:
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(1.1)

where uί:W*—^W is the blowing up along Σt; u2:W-+W* is the blowing
up along the proper inverse image of Δ by the map ut; u:W->W is the
composite of ux and u2; S is the proper inverse image of S by the map u;
φ: S-+W is the restriction of u to S; λ: X-+S is the normalization of S;
ψ: X-*W is the composite of λ and the natural inclusion map c: S^W.
The map μ: S—>X is as follows:

S is a desingularization of S, but not the normalization of S. There
appear the exceptional curves of the first kind on S, which correspond to
the set Σt of triple points of S. The map μ: S-+X is the blowing down
of these exceptional curves.

In this situation, the following are known to hold (cf. [13]):

PROPOSITION 1.1. There exists a commutative diagram of exact se-
quences of sheaves on W

0 0

I
0

n* Tw

(1.2) 0
!

u*Tw

!

I0 0 0

where the sheaf J7Y/W is defined to be the cokernel of the canonical in-
jectίve sheaf homomorphism Tά(\ogS)-+u*Tw.

PROPOSITION 1.2.

Kw] - , u*Ωι

w

for any integer p ^ 0.
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PROPOSITION 1.3.

Hp(W, ^l/w(g)^^(S)) = 0 for pΦl.

PROPOSITION 1.4. There exists a commutative diagram of exact se-
quences of cohomology groups

0

H\W, &yιw

i
0 > H\Σt, Nύlx) > H\S, &\m) > H\X,

0

where Σt denotes the inverse image of Σt by the map λ: X—>S.

In general, let Y be a compact complex manifold, Z a submanifold of
Y, f:Ϋ—>Y the blowing up of Y along the non-singular center Z, Z the
proper inverse image of Z by /, and g: Z -+ Z the restriction of the map
f:Ϋ-+Yto Z. Then there exist the following exact sequences of sheaves
on Y:

(1.3) 0 >n >ΓTY

(1.4) 0 > N$,t > g*Nz/γ > jη>/γ > 0

from which follows the long exact sequence of cohomology groups:

(1.5) >fl*(f, ϊ » >H»{Y, TY) >H'(Z, Nz/Y) >H»+\Ϋ, Tγ) >

(cf. [11], [13, Corollary (1.2)]). Furthermore, we have an isomorphism

(1.6) H*(Y, Tγ(\ogZ)) - H*{Ϋ, TY(logZ))

for any non-negative integer p (cf. [13, Proposition (1.3)]). These facts
will also be used in the following.

THEOREM 1.1. In the same situation as above, we have the following:
(a) If h\W, Tw) = h\W, Ωι

w{[S + Kw] - A)) = 0, then the connecting
homomorphism d: H°(S, Φs) —> H\X, Tx) is surjective;

(b) In addition to (a), suppose h\X9 Tx) = 0. Then we have

h\X, Tx)=h\S, Φs)-h\W, Tw) + h\W, Tw(logS))-h\W, Ωι

w(lS+Kw]-/l)) .
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PROOF, (a) We consider the following diagram of exact sequences
of cohomology groups:

0

I
HXS, Γί)

i
H\X, Tx)

1
(1.7) HXΣt, NΣVx)

-> HX W, n ( l o g S)) % HXS, Γ|) ^ i?2( Tίζ Γ^(-S)) ^> H2( T7, T#

HXX, Tx)

0

Here we obtain the vertical exact sequence by setting Y' = S, Y — X,
Z = Σt in (1.5); the horizontal exact sequence is the one associated to
the vertical short exact sequence of sheaves on the left hand side in the
diagram (1.2); and gs, gΊ are denned by g3:= g^g^ and gΊ:= gβ°g5, re-
spectively.

First, we prove the surjectivity of the map gz under the assumption
hXW, Ωw([S + Kw] — //)) = 0, which is the essential part of the proof of
(a). Setting Ϋ= S, Y = X and Z = Σt in (1.3) and (1.4), we obtain

(1.8) 0 >Tί *μ*Tx

(1.9) 0 > N?t/§ * μ*NΣ-t/z > S^,z > 0 ,

where Σt denotes the pull-back of Σt by the map μ:S->X. Since
μ:S-+X is a blowing up, taking the direct images of (1.8) and (1.9) by
the map μ, we obtain

(1.10) 0 > μ* T$ > Tx > μ*^l/x > 0

(1.11) 0 >NΣ~t/x >μ^^l/x >0

(1.12) R q μ ^ ^ } / x = 0 f o r g ^ l .

Then we get the following commutative diagram:
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l\
(1.18)

JEW, NΣΪ/X) .

Here gQ is the isomorphism derived from (1.11); gQ is that derived from
(1.12); g10 is the natural isomorphism resulting from the blowing up
μ:S-*X; 0ii is the homomorphism derived from (1.8); g12 is the one
derived from (1.10); and g15 is so defined that the above diagram
commutes. The composite map gn°g9ogQ in (1 13) is nothing but the
map gλ: H°(Σϊ, NΣΪ/X)—> H\§, Tg) in (1.7). Hence by the commutativity
of (1.13) we have

(1 14) 01 = 010° 013

By the definition of the sheaf ^}/W9 we have an exact sequence of

sheaves

.lθ; U > 1 s >φ J-w' >*~ssiw * v .

Taking the direct image of this by the blowing up μ: S -»X, we have

(1.16) 0 >μ+Ts >Ψ*TW >μ*^,w ^0

(1.17) Rqμ*^Ί/w = 0 for q ^ 1 .

Fitting (1.16), (1.10) and (1.11) together, we have a diagram

0

I
0 >μ*T$ >Ψ*TW >

(1.18) 0 > Tx >ψ*Tw 1

o — > NΣ~t/x ~ μ^^h/x — > o

0

where the second horizontal exact sequence results from the definition
of the sheaf J7~xlw. Chasing this diagram in a usual manner, we obtain
the following exact sequence of sheaves:
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0

I
NΣΪ/X

(1.19)

0 •

I
0

Then we get the commutative diagram

H\Σt,NΣ-t/x)-9-ι-«-> HX

(1.20)

H\X,

Here gu is the homomorphism of cohomology groups derived from (1.19);
g15 and g17 are the ones derived from (1.16) and (1.15), respectively; g8,
g10 are the same as those in (1.13), the isomorphism H°(X, μ*J7Ίs/w) ^
H\S, ^s/w) i n the middle is the one whose existence follows from (1.17);
and glβ is so defined that the above diagram commutes. Then, taking
into account how we derive (1.19) from (1.18), we can derive the following
commutative diagram from (1.13) and (1.20):

(1.21) l[« /ζ J*.
H\X, s , χ ) \ , μ * h w )

Using the assumption h\W, Ωψ([S + Kw] — Δ)) = 0, which is equivalent
to h\W, u*Tw<2>^^(S)) = 0 (cf. Proposition 1.2), we get the following
commutative diagram by (1.2):

§ — H\ W,

(1.22) L 7

T

I
o .

We note that the homomorphism H\§, S~^!w) ->• B\S, T£) in this diagram
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is the same gί7 in (1.20), because (1.15) is identical with the horizontal
short exact sequence at the bottom in (1.2). As a consequence we have

& = 02 ° 0i (by definition)

= fc°(fto°&8) ((1.14))

= 92 ° (flΊo ° (&e ° 0i4 ° ff8)) ((1.21))

= 02°(017°016) ((1.20))

- (0i9 ° 0is) o flrlβ (d.22)).

The composite map #18 © #16 is nothing but the isomorphism H\Σtf NΣi/Z) -*
H\W, Jfw/w ®<?h ^Φ)) i n Proposition 1.4, and glΰ is surjective. There-
fore we conclude that g3 is surjective as desired.

The surjectivity of the map gs implies that of g7 in (1.7). If
h\Wf Tw) = 0, the surjectivity of g7 implies that of the connecting homo-
morphism δ: H°(S, Φs)-> H\X, Tz). Indeed, as shown in [13], the con-
necting homomorphism δ is identical with the composite of the homo-
morphisms

(1.23) H\S, Φs) > H\ W, Tw(\og S)) ^U H\ W, T^(log S))
(1.6)

and gΊ in (1.7), where the first homomorphism in (1.23) is the one derived
from the exact sequence of sheaves

(1.24) 0 > 7V(log S) >TW >ΦS > 0

(cf. [13, (2.5)], [12, Proposition (1.2)]). If h\W, Tw) = 0, the first homo-
morphism in (1.23) is surjective. Therefore the connecting homomorphism
δ is surjective. This completes the proof of (a),

(b) Besides the conditions

h\W, TV) - h\W, ΩUiS + Kw] - A)) = 0 ,

we assume h°(X, Tx) = 0. Then by the vertical exact sequence in (1.7),
we have

(1.25) h\X, Tx) = h\S, Ti) - h°(ΣΪ, NΣί/x)

= h\S, T$) - h\W, JTύ/w®^^{S)) ,

where the second equality follows from Proposition 1.4. By the horizontal
exact sequence in (1.7), we have

(1.26) h\§, Ts) = h\W, T*(-§)) + h\W, Γ (̂logS)) - h\W, T*(-§)) ,

where we use the fact that #4 in (1.7) is the zero map because of the
surjectivity of gs. Since h\W, ^Ίr/w®*fi^(S)) = 0 (cf. Proposition 1.3)
and h\W, u*Tw®** ^(S)) = 0 under the assumption h\W, ώ}τ([S + Kw] -
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Δ)) = 0 (cf. Proposition 1.2), by the long exact sequence of cohomology
groups associated to the short exact sequence of sheaves at the top in
(1.2), we have

(1.27) ^

= h\W, Γ * ( - φ ) + h\W, u*Tw®^^{S)) - h\W, Γ * ( - φ )

= h\W, Γ#(-£)) + h\W, Ω}V([S + Kw] - Δ)) - h\W, n(-S)) ,

where the second equality follows from Proposition 1.2. Substituting
(1.26) and (1.27) into (1.25), we have

(1.28) h\X, Tz) = h\W, TV(logS)) - h\W, 0j,([S + Kw] - Δ))

= h\W, Tw(\ogS)) - h\W, Ω^S + Kw] - Δ)) ,

where the second equality follows from (1.6). By (1.24) we have

(1.29) h\W, Tw(\ogS)) = h\S, Φ8) - h\W, Tw) + h\W, Tw(logS)) ,

because h\W, Tw) = 0 by hypothesis. Then, by (1.28) and (1.29), we
obtain the equality in (b). q.e.d.

For the terminology in the following corollary, we refer to [7] and
[6].

COROLLARY 1.1. Besides the conditions

h\W, Tw) = h\W, Ωι

w([S + Kw] - Δ)) = h\X, Tx) = 0 ,

suppose that S belongs to an analytic family S? = U te l f St of surfaces
with ordinary singularities in W whose parameter space M is non-
singular, and whose characteristic map

σ:T0(M)-+H%S,Φs)

at the point OeJIί with So = S is surjective. Then the Kuranishifamily
of deformations of the complex structure of X is non-singular, and the
number m{X) of moduli of X is given by

m{X) = h\X, Tx)

= h\S, Φs) - h\ W, Tw) + h\ W, 7V(log Si)) - h\ W, Ωι

w([S + Kw] - Δ)) .

PROOF. The normalizations Xt of St for teM describe a family
^ΌteiίXt of deformations of the complex structure of X= Xo. The

characteristic maps of the families S? = U ί e i l f St and <%f = ufβjf Xt at 0 e M
are related as
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T0(M\

H'(X, TJ

H\S, Φs)

where 8 is the so-called connecting homomorphism (cf. [3]). By Theorem
1.1 (a), 3 is surjective, hence the characteristic map p is also surjective.
Then, from the family <%? = Uί6Jif Xu we can derive a family <%f* = UteM> Xt
of deformations of X = XQ, OeJIί' such that Mr is non-singular and the
characteristic map p: T0(M') -> H\X, Tx) is bijective. From the condition
H\X, Tx) = 0 it follows that dimiϊ1(.Xί, TXί) is independent on t, provided
that t is sufficiently close to 0. Then the characteristic map pt: Tt(Mf) —>
H\Xt, Tx) is bijective at any point teM' sufficiently close to 0. There-
fore we conclude that J3f' = U*βjr -JΓ* is the Kuranishi family of deformations
of the complex structure of X. The formula for the number m(X) of
moduli follows from Theorem 1.1 (b). q.e.d.

The following theorem will be used in § 2 to compute the number of
moduli of certain algebraic surfaces.

THEOREM 1.2. Let W, S and X be the same as in the foregoing. If
S is regular, i.e., h\S, Φs) = 0 by definition, and if

h\W, Tw) = h\W, 0V([S + Kw] - A)) = h\X, Tx) = 0 ,

then we obtain h\X, Tx) = 0; hence the Kuranishi family of deformations
of the complex structure ofX is non-singular. Furthermore, the number
m(X) of moduli is given by

m(X) = h\X, Tx) = 10(p. + 1) - c\ ,

where pa, cx denote the arithmetic genus and the first Chern class of X,
respectively.

PROOF. Since h\ W, ^l/w (g)^ ^(S)) = h\ W, ^llw ®^ ^(S)) = 0
(cf. Proposition 1.3), by the horizontal short exact sequence at the top
in (1.2) we have

h\W, Γ*(-£)) = h\W, u*Tw®^^(S))

and we have

h\W, u*Tw®^^(S)) = h\W, ΩU[S + Kw] - Δ))

(cf. Proposition 1.2). But h\ W, Ωι

w([S + Kw] - A)) = 0 by hypothesis,
hence
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(1.30) h%W, T*(-g)) = 0 .

Since h\S, Φs) = h\W, Tw) = 0 by hypothesis, we have

h\W, Tw(logS)) = 0

by (1.24). Hence

(1.31) h\W, g

by (1.6). Applying (1.30) and (1.31) to the long exact sequence of coho-
mology groups associated to the vertical short exact sequence of sheaves
on the left hand side in (1.2), we have h2(S, T$) — 0. Therefore we have
h\X, Tx) = 0. Thus X satisfies h\X, Tx) = h\X, Tx) = 0. As a con-
sequence we conclude that the number m{X) of moduli of X is defined,
and m(X) = h\X, Tx) holds. The equality h\X, Tx) = 10(pβ + 1) - 2c\
follows from the Riemann-Roch formula. q.e.d.

2. An example —surfaces of type (n, rv r2, r3)—. Throughout this
section we denote the complex protective 3-space by P, and a point of
p by ξ — (ς0, ςlf ζ2, ζ3) in a fixed homogeneous coordinate system. We fix
positive integers r19 r2, r3 with r1^r2^rz. Let S19 S2, Ss be non-singular
surfaces of respective orders rlf r2, r3 in P, such that they intersect
pair wise transversely, and are in general position at every point of
S.ΠS.ΠS,. We set

A:=S^Sif A2:=S2-S3, J.i^S.-S, and

J:= A + A2 + A,.

Let fi (i = 1, 2, 3) be the homogeneous polynomial of degree r4 which
defines the surface S^ We choose and fix a positive integer n ^ 2rι + 2r2.
For any homogeneous polynomials A, B, C, and D of respective degrees
n — n — r2 — r3, n — 2rx — 2r2, n — 2r2 — 2r3, n — 2r3 — 2rlf we consider a
surface S defined by the equation

(2.1) / : = AfJJ, + B(fj2γ + C(/2/3)
2 + D(/3/i)2 = 0 .

S is said to be generic if the following conditions are satisfied:
(1) S has only ordinary singularities and is non-singular outside

of A;

(2) the normalization X of S is a minimal algebraic surface of
general type.
We note that S satisfies the condition (1) if A, B, C and D are chosen
sufficiently general. Indeed, by Bertini's theorem S is non-singular outside
of A for generic A, B, C and D. The fact that the singularities of S
along A are ordinary for generic A, B, C and D is proved as follows:



280 S. TSUBOI AND M. OKAWA

(i) Let p 6 Δ be a point satisfying fx(p) = f2(p) = fz(p) = 0. We may
assume that A(p)B(p)C(p)D(p) Φ 0. We make the transformations of local
coordinates

( A X

VΉD 1 + X2 + Y2 + Z2 + XYZ '

A Y A Z \VBC 1 + X2 + Y2 + Z2 + XYZ ' VCD 1 + X2 + Y2 + Z2 + XYZ I

and

(X + YZ,Y+ ZX, Z + XY)->(X',Y\ Zr)

successively in a neighborhood of p. Then the equation F = 0 is trans-
formed to A'X'Y'Z' = 0, where A! is a non-vanishing factor. Namely,
the point p is a triple point.

(ii) Let p e J be a point at which all of fi9 i = 1,2, 3, do not vanish.
We may assume that /i(p) = /2(p) = 0 and /8(p) ^ 0. We write F as

F = (Bfl + D/l)/ϊ + (A/,)/,/, + (Cfl)f2 .

Since A, B, C and Z) are generic, we may assume that both (Bfl + Dfξ)
and (Cfl) do not vanish at p. Suppose (Bfl + Dfl)(p) Φ 0. Then F is
written as

F = (Bfl + Dfdf + ̂ /s/2 + i/(Λf3/2)2 - (B/ϊ + Dfϊ)(Cfϊ)f\

(f Am - VjAfM - (Bft + D]WCfϊ)

in a neighborhood of p.
(ii)a If (A2/4 - DQ/l)(p) ̂  0, then the transformation

- (Bfl + DflXCft)

f i Λ//2 - l/(A//2)2

f

can be regarded as that of local coordinates. By this transformation the
equation F = 0 is transformed to (Bfl + Dfϊ)XY = 0. Hence p is a double
point.

(ii)β If (A2/4 - DCfl)(p) = 0, we make the transformation of local
coordinates
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(Afj2γ - (Bft + Dfiχcfi) ^ γ

{Bf\ + Dfiγ

f2 H> Z

in a neighborhood of p. Then the equation F — 0 is transformed to

+ DflXZ + l/l7)(2 - \/XY) = (Bfl + Z)/i)(Z2 - XY2) = 0 .

Hence p is a cuspidal point.
Consequently, for generic A, B, C and D the surface S defined by

F = 0 is a surface with ordinary singularities whose double curve is A,
Furthermore, we can prove that the condition (2) is satisfied if n ^

ri + 2̂ + 4 and J5, C, Z) are chosen sufficiently general.

DEFINITION 2.1. We call the generic surface S in the complex pro-
jective 3-space P which is defined by an equation of the form (2.1) a
surface of type (n, rlf r2, r8) with ordinary singularities. The non-singular
normalization X of the surface S is called a non-singular surface of type
(n, r19 r2, r 3).

Concerning a surface S of type (n, rlf r2, r3) with ordinary singularities,
we freely use the notation Slf S2, S8, /x, /2, /3 and Δ — Δx + Δ2 + Δz below.
For brevity we use the notation 0P{k), έ?P(k — Δ) and έ?P{k — 2Δ) instead
of &>P([kE]), έ?P([kE] - Δ) and έ?P([kE] - 2Δ), respectively, where E is
a hyperplane in P and k is an integer. Furthermore, we use the following
notation:

Lm: the vector space of homogeneous polynomials of degree m in

ίθ> £l> ?2> fδί

Lm( — Δ): the linear subspace of Lm consisting of those homogeneous
polynomials of Lm which vanish on Δ;

C(m):= dim c L m = λ°(P, ^ P (m)) = (m + l)(m + 2)(m + 3)/6 .

PROPOSITION 2.1. i^or α^^/ integer k there exists an exact sequence
of sheaves

PROOF. The maps are defined as follows:

a: (φlf φ2, φz) i-*/i/2& + /2/302

f o r (φ19 φ2, φ3) e έ?P(k - r x - r 2 ) φ έ?P(k - r 2 - r 8 ) 0 έ?P(k - r 3 - r x ) ;



282 S. TSUBOI AND M. OKAWA

β: (Ψ» f 2)

for ('f!, ψ2) e έ?P(k — n — r 2 — r3)®2, where we regard each ft (i = 1, 2, 3)
as a global cross-section of the sheaf έ?P{r%). The proof of exactness is
a simple calculation. q.e.d.

PROPOSITION 2.2. For any integer k there exist exact sequences of
sheaves

(a) 0

-^ έ?Sl(k-2r2-2r3) 0 ^ 2 (fc-2r 8 -2r 1 ) © ^ 3 (&~2r 1 -2r 2 ) ->0

(b) 0 - ^p(fc-2r< k-2r< 8-r^) ^ ^P(fc-2r ί 2-2r i 3) ^ ^ ( £ - 2 ^ - 2 ^ ) - 0

/or cm /̂ permutation (ilf i2, i3) of (1, 2, 3).

PROOF, (a) We set έ?8i(k -2J):= έ?P(k - 2J)/έ?P(k - 2Δ - SJ for
£ = 1, 2, 3, where έ?P(k -2Δ - St) denotes the subsheaf of έ?P(k - 2Δ)
consisting of germs of those local cross-sections of έ7P(k — 2Δ) which
vanish on S^ Since Δ-St = Δx + Δ3 and Δlf Δ3 are defined on Sx as the
zero loci of homogeneous polynomials of respective degrees r2f r3, we have

<?8ι(k - 2Δ) 2L έ?Sι{k - 2r 2 - 2r3) .

Similarly, we have

^ 2 (fc - 2Δ) ~ ^ 2 (fc - 2r3 - 2r2) and έ?sβc ~ 2Δ) 21 <?aJJc ~ 2r, - 2r2) .

Taking these isomorphisms into account, we define α in the sequence
(a) by

Φ *-+ (Φ\8ι, Φ\s2, ίis,) e <?sβ - 24) Θ &sβ - 2Δ) φ ^ 3 ( & -

21 ̂ ( f c - 2r2 - 2r3) φ ^ 2(fc - 2r3 - 2rx) φ έ?sβ - 2rx - 2r2)

for φeέ?P(k — 2J), where φιs. (i = 1, 2, 3) denotes the restriction to S,.
We define the map β by

Ψ ^ (fJJzH for ψ 6 ^p(A; - rx - r 2 - r.) .

Then the exactness follows from simple calculation.
(b) We define the map Rh, (ix = 1, 2, 3) in the sequence (b) by re-

striction to Stl, and the map Ύh by

ψ i - / ^ for ψ 6 έ?P(k - 2rh - 2ri3 - r<2) .

Then, obviously the sequence (b) is exact. q.e.d.

For the double curve Δ of a surface of type (w, rlf r2, r3) in P with
ordinary singularities, we consider the sheaf Σϊ=i NΔi (direct sum) where
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NΔi (i = 1, 2, 3) denotes the sheaf of normal vectors of Δt in P. The
difference between ^ := ΓP/ΓP(log Δ) and Σί-i-Nj, is given by the
following:

PROPOSITION 2.3. There exists a natural exact sequence of sheaves

0 ί L ^

where J?~Σt is the sheaf with support Σt, the set of triple points of S
(=Διf]Δ2Γ\Δs), and whose stalk at each point of Σt is isomorphic to C3.

PROOF. It suffices to prove the exactness at a triple point peΣt.
Let (x, y, z) be a system of local coordinates in a sufficiently small poly-
cylindrical neighborhood of p in P such that

(1) S is defined by xyz = 0,
(2) Δ19 Δ2, Δz are defined by y=z=0, z=x = 0, x — y = 0, respectively.

Then we define a: Λ"Δ ->ΣUN Δ . at p by

dz dx/u*' \ dx dy/\J

for θ = a(d/dx) + δ(3/3») + c(d/dz)e TP(logΔ)p, where [̂ ] denotes the local
holomorphic cross-section of the sheaf Λϊ represented by θ, and \Δt

(i = 1, 2, 3) denotes the restriction to Δt. It is easy to see that this def-
inition does not depend on the choice of a representative θ. We define
the sheaf homomorphism β: Σ?=i Njt -> C8 at p by

Φ ^ (Λ(0) - ti(0) , tt(0) - 7i(0) , %(0) ~
for

# = ( Λ ( a j )3 + Λ ( a . ) J . f + 1(y)A + t2(2/)A
3?/ 32: 3a; 3a;

The exactness follows from simple calculation. q.e.d.

COROLLARY 2.1.

dim H\Δ, ΛrΔ) = C(n) + C M + C(n) - C(n - r2 - r3) - 3 .

PROOF. By the exact sequence of sheaves in Proposition 2.3, we get
the long exact sequence of cohomology groups

(2.2) 0 > H\Δ, Λϊ) -ί-* Σ H\Δt, NΔt) — C\tΣ
Note that we can identify Σ U H \ Δ i f NΔ.) with the vector space
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where we set r4 = rx. We denote this vector space by V. For φ e Lr

(r = rlf r2, r8) we denote by φUi (i = 1, 2, 3) the corresponding element of
LJLr(—Jt). Then the above map

3
β: ZJ Jti {Δiy JSΔ.) —> Cjί

ί=l

is given by

(0ii4 θ 0214) θ (Ψii J2 θ f 2|i2) θ foiu, φ %ι J3)

3>eΓί pel1*

where φ19r]2eLrit φ29ψ1eLrzf ψ2Jη1eLn. Therefore by the exactness of
(2.2) we can identify H\Δ, <yKΔ) with the vector subspace Vt of V con-
sisting of the elements

) φ ( f HJ2 θ f 2M2) θ foiUa θ W

of V which satisfy

(2.3) φ2(p) - ψx{p) = f2(p) - 77,(2)) - Ύ)2{<p) - φ^p) = 0 for any

We note that Σt coincides with the common zero locus of the homogeneous
polynomials f19 f 2 , / 3 , and any point pelt has multiplicity one. Then, in
view of (2.3) we can apply generalized Max Noether's theorem in [4] to
t h e polynomials φ2 — ψlf ψ2 — η19 rj2 — φλ. As a result we infer t h a t φ2 — ψ19

Ψ2 — Vi> V2 — Φi a re of t h e form

Φi — Ψi — &ifi + ^2/2 + ^3/3 >

Ψ2-Vi = 61/1 + b2f2 + 63/3 ,

V2 - Φi = Cifi + C2f2 + Cj3 ,

c3 are homogeneous polynomials of appropriate degrees. Wewhere alf

set

Φ:= φ2- ajx =

Ψ:=Ψ*- b2f2 =

H:= η2 - c3/3 =

a2f2 α3/3

63/3

c2f2.

We define

(2.4)

by (0, Ψ, V) ι-> (0i4 θ ^14) θ (Ψu2 θ W θ fou, Φ!
L f 2 φL f 3 . Then we have

for ^ θ
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, Φ, Ψ) = (φl{Jl © ΛlJχ) θ (ΨilJ2 θ Ψ2U2) θ (ViUs θ W

This shows image Ί =VX. Therefore we have

dim H\Δ, ^VΔ) = d i m ^ = dim image 7

= dim(Lri 0 Lr2 0 Lr3) - dim ker 7 = Or,) + C(r2) + C(r8) - dim ker 7 .

Since

k e r 7 = {(λ/x + Af2f3, μf2, cf3) \x,μ,ceC,Ae L r i _ r 2 _ r 3 } ,

we have dim ker 7 = C(r1 — r2 — r3) + 3. q.e.d.

PROPOSITION 2.4. Let S be a surface of type (n, rlf r2, r3) with ordi-
nary singularities. Then S belongs to a maximal analytic family
<9* — U<6jtf St of surfaces in P with ordinary singularities such that

(a) the parameter space M is non-singular and
(b) the characteristic map

of:Tt(M)-*HχSt,Φ8t)

is surjectίve at any point tεM.

PROOF. We define mQ(J) to be the smallest integer m0 such that

H\P, έ?P(k - 2Δ)) = 0 for k ^ m 0 .

By Theorem 8 in [9] it suffices to show that
(i) n ^ mo(J) and
(ii) A belongs to an analytic family f = Uίβjr14 of locally trivial

displacements of Δ in P such that
(a') the parameter space M1 is non-singular,
(b') the characteristic map σu. T^MJ->H\Δ, ΛA) at the point 0eilίx

with ΔQ = Δ is surjective.
Strictly speaking, Theorem 8 in [9] treats only the case where a

double curve Δ is non-singular, hence we can not apply that theorem
directly to our case. But, as shown in [14], a characteristic map
<7f: T0(M) —> H°(Δ, ^V^Δ) can also be defined, even if Δ is singular. By
direct calculation we can easily prove that for an analytic family
£? = \jteM St of surfaces with ordinary singularities in P such that S = So

for 0 e Mf the following diagram is commutative:

H\S, Φs)

Γ0(ilί)/
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where α f is the characteristic map at the point 0 e M of the family
f = U|βjf4 of the double curve Δt of each Stf teM, and # is the map
induced by the fundamental exact sequence

(2.5) 0 > <?S([S\ -2Δ) >ΦS >ΛΪ > 0

(cf. [9, Theorem 4] and [12, Proposition (1.1)]). Therefore, by the same
arguments as in the proof of Theorem 8 in [9], we can generalize that
theorem to the case where a double curve Δ may be singular.

By Proposition 2.2 and BotVs theorem concerning the cohomology
groups Hp{Pn, Ω%(k)) in [1], we obtain

H\P, έ?P(k - 2Δ)) = 0 for any integer k .

Hence it follows that mo(Δ) = — °o f and so (i) holds, (ii) is proved as
follows:

Let Δ19 Δ2, Δ3, flf f2, fz be the same as before. In the following we
regard a homogeneous polynomial of degree k in variables ξOf ξί9 £2> ξ9 as
a point of CC{k) by assigning its coefficients. For ί = 1, 2, 3 we denote
by fi(ξ, ί<) the homogeneous polynomials of degree r« in the variables
fo> fi» £2, & which corresponds to a point ^eC0^. We set

/<(£, «*): = Λ(f, Q + flξ) (i = 1, 2, 3)

Λ Γ ^ C W + CW + Cίr,);
J|fx: = {t = (ίlf £2, t8) 6 C^ 11 ί I < ε} (ε: a positive number)

f := {(f, t) ePxΛfil/β, «/2(f, « - /2(ί, ί2)/3(ί, ί.) = Λ(ft «Λ(& « = 0} .

We denote by tεr: f —> ikfx the restriction of the canonical projection
Pr^: PxM1-^M1 to f. Then, in our terminology vf: f —> Afx is an analytic
family of locally trivial displacements of the double curve Δ of S in P
(cf. [14, Definition 8.1]) provided that the positive number ε is sufficiently
small. We claim that the characteristic map σf: TQ{Mγ) -> H\Δ, <yΓΔ) at
the origin 0 6 Mi of the family vf; f-> Mλ is surjective. In order to prove
this we consider the same vector space V as in the proof of Corollary
2.1. Then, as shown there, we can identify H\Δ, ^VΔ) with a vector
subspace V1 of V. Under this identification we wish to clarify how the
characteristic map σf: TQ{M^)-^Vι is described explicitly. We take an open
covering {Ua}Q^z of P, where Ua : = {ξ = (f0, ξ19 ξ2, ξΆ)eP\ξaΦθ}. We set

X?(t) = fiiξ/ξ*, t) for 1 ̂  % ^ 3 , 0 ̂  a ^ 3 .

Then (Xf(t), X?(t), X?(t), t) may be regarded as a system of local coordi-
nates on Ux M,. For any (d/dt) e TIMX) we set
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(0 ^ a ^ 3) .

where Qα denotes the map Γ( C/α, TV) —> Γ( Z7α Π Λ ^f2) induced by the
natural projection of sheaves TP -* Λj. By the definition of a: ^Va —>
Σ*=I-WJ4

 m Proposition 2.3, the element of F x c F which corresponds to
the one'in 2.6 by the identifications Σ<=i.BΓ0(Λ, NJ() = V and
Vt is

(2.7)

since X?{t) = ?t(ξ/ξa, t) for 1 ^ ΐ ^ 3, 0 ^ α ^ 3. This element is nothing
but σ\djdt) if we consider the characteristic map σ*f to be one from T0(M)
to Fx. Suppose an element veVλ is given. Then, as shown in the proof
of Corollary 2.1 there exists an element (if, Φ, Ψ) e Lri 0 Lr2 0 L r3 such
that 7((£Γ, Φ, y)) = v, where 7: L r i 0 Lr2 0 L r 3 -> F is the same map as in
(2.4). We can choose tangent vectors (dJdtJeTάC0***), (d/dt2) e T0(Cc(r2)),
(3/dίa) 6 ΓoίC^^) so that

We set

• I - = -Or + τr + ^r
3ί 3^! dt2 dtz

Then, by (2.7) we have

Consequently, we conclude that the characteristic map σf: T0(M)
is surjective. This completes the proof of Proposition 2.4.

As in [9], a surface S with ordinary singularities in a compact
threefold TΓ is said to be regular if H\Sf Φs) = 0. Concerning the re-
gularity of a surface of type (n, rlf r2, r8) in P with ordinary singularities,
we obtain the following:
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PROPOSITION 2.5. Let S be a surface of type (n, rlf r2, r8) with ordi-
nary singularities. We assume that n ^ 2rx + 2r2 + r8 — 3. Then S is
regular if and only if both of the following two conditions are satisfied:

(a) n^3;
(b) Cfa) + C(r2) + C(r3) + C(r,-r2-rz) - C(r^r2) - Cfa-rJ-Cfa-r,)

PROOF. By Proposition 2.2, BotVs theorem and the exact sequence of
sheaves

(2.8) 0 > έ?p > <?P([S] - 2Δ) > έ?s([S] -2Δ) > 0

with <?S([S]-2Δ):= ^ P ( [ S ] - 2 J ) / ^ P ( [ S ] - S ) , we have h%S, <?8([S\-2Δ)) = 0
for v = 1, 2. Then H\S, Φs) 21 H\A, ^VΔ) by (2.5). Hence S is regular if
and only if H\Δ, ^KΔ) = 0. On the other hand, by Proposition 2.3 there
exists an exact sequence of cohomogy groups

(2.9) 0 > H\Δ, ^)-?-*ί H\Δi9

> H\Δ, Λi) > g H\Δi9 NΔι) > 0 .

From this it follows that H\Δ, ^VΔ) = 0 if and only if both of the follow-
ing two conditions are satisfied:

(a') H\Δi9 NΔi) = 0 for i = 1, 2, 3;
(b') dim image β = ^rxr2rz ( = dim Cϊt)

By simple calculation we can see that the condition (a') is equivalent to
(a). By (2.9) and Corollary 2.1,

dim image β = Σ dim H\Δi9 NΔ.) - dim H\Δ,
i=l l

- C{rx) + C(r2) + C(r8) + C(r, - r2 - r8) - C(n - r2)

- C(rx - r.) - C(r2 - r8) - δ r i, r 2 - δ r 2, r 3 - δ r 3, r i - 3 .

Hence the condition (b') is identical with (b). q.e.d.

THEOREM 2.1. Let X be a non-sigular surface of type (n, rlf r2, r8),
and let S be the surface with oridinary singularities in P corresponding
to X. Then:

(a) Except for those of types (6,1,1,1), (IZAΛ), (8,2,2,1), (8,2,2,2),
we obtain

h\P, έ?P([S + KP] -Δ)) = Q.

Hence the connecting homomorphism δ: H°(S, Φs) —> Hι(X, Tx) is surjective,
and the Kuranishi family of deformations of the complex structure of X
is non-singular. The number m(X) of moduli is given by
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m(X) = h\P, έ?P(n - 2/0) - 1 + h\A, Λ~Δ) - ho(P, TP)

= C{n -r.-r,- r3) + C{n - 2r2 - 2r3) - C{n - 2r2 - 2r3 - ί\)

+ C{n - 2r3 - 2rt) - C(n - 2r8 - 2rt - r2) + C(n - 2r, - 2r2)

(b) As to those of types (6, 1, 1,1) and (7, 2, 1, 1) we obtain

h\X, Tx) = h\X, Tx) = 0.

Hence its Kuranishi family of deformations is also non-singular. The
number m{X) of moduli is given by

(34 (6,1,1,1)

| 4 2 (7,2,1,1).

PROOF, (a) Applying (g)i2£ to the exact sequence of sheaves in
Proposition 2.1 and setting k = n — 4, we obtain the following exact
sequence of sheaves:

0 >Ω1

P(n - 4 - n - r2 - r3)®
2

(2.10) >Ω1

P(n - 4 - rx - r2) 0 ΩP(n - 4 - r2 - r3) 0 ώK^ - 4 - r8 - r j

n — 4 — τγ — r2 Φ 0

^ — 4 — r2 — r 3 ^

^ — 4 — r3 — rιφ

Note that

;(nf 2, 2, 2) , w ^ 9

, 2, 2, 1) , ^ ^ 9

, 2, 1, 1) , n^8

.(n, 1, 1, 1) , n ^ 7 .

Therefore, taking the long exact sequence of cohomology groups associated
to (2.10) we have

h\P, ΩP([S + KP] - Δ)) = h\P, ΩP((n - 4) - Δ)) = 0

except for the surfaces S of types (6, 1, 1, 1), (7, 2, 1, 1), (8, 2, 2, 1),
(8, 2, 2, 2). Hence by Theorem 1.1 (a) the connecting homomorphism
3: H\S, Φs) -> H\X, Tx) is surjective for the surfaces in case (a) of the
theorem. By Proposition 2.4 S belongs to a maximal analytic family
S? = UtBMSt of surfaces in P with ordinary singularities which satisfies
the conditions in Corollary 1.1. Therefore by Corollary 1.1 we conclude
that the Kuranishi family of deformations of X is non-singular for the
surfaces X in case (a) of the theorem, and the number m(X) of moduli
is given by

m(X) = h\S, Φs) - h\P, TP) + Λ°(P, ΓP(logS)) - h\P, ΩP([S + KP] - Δ)) .
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We have h°(P, TP) = 15. By classifying the structure of the non-singular
normalizations of the surfaces with ordinary singularities defined by the
equation (2.1), the following turns out: if X is of general type, then the
order of S in P is not less than five. Then the logarithmic Kodaίra
dimension κ(P — S) is equal to three. Therefore by Theorem 6 and the
corollary to Proposition 4 in [5], we have h\P, ΓP(logS)) = 0. By (2.10)
and Bott's theorem

h\P, ΩP([S + KP] - A)) = h\P, ΩP((n - 4) - A)) = 0 .

By Proposition 2.2, BotVs theorem and (2.8), we have h\S, έ?8([S]-2A)) = 0.
Then by (2.5) we have

h\S, Φs) = h\S, <?8([S] - 2A)) + h\A,
= h\P, έ?P([S] - 2A)) - 1 + h\Δ,

Therefore the number h\S, Φs) is calculated by Proposition 2.2, Bott's
theorem and Corollary 2.1. Consequently, we obtain the formula for
m(X) for the surfaces in case (a) of the theorem.

(b) As to the surfaces X of types (6, 1, 1, 1) and (7, 2, 1, 1), by (2.10)
and Bott's theorem we derive

Λ°(P, ΩP([S + KP] - A)) = h\P, ΩP((n - 4) - A)) = 0 .

By Proposition 2.5 they are regular in P. Therefore by Theorem 1.2 we
have h\X, Tx) — 0; hence their Kuranishi families of deformations of the
complex analytic structures are non-singular, and the number m{X) of
moduli is given by

m{X) = 10(pα + 1) - c\.

By the classical formula (cf. [10]) for pa and c\ of the non-singular
normalizations of the surfaces with ordinary singularities in P we can
calculate the number m(X) of moduli of the surfaces of types (6, 1, 1, 1)
and (7, 2, 1, 1). q.e.d.

REFERENCES

[ 1 ] R. BOTT, Homogeneous vector bundles, Ann. of Math. 66 (1966), 203-248.
[2] E. HORIKAWA, On deformations of holomorphic maps I, J. Math. Soc. Japan, 25 (1973),

372-396.
[$]] E. HORIKAWA, On the number of moduli of certain algebraic surfaces of general type,

J. Fac. Sci. Univ. Tokyo 22 (1975), 67-78.
[|4 ] S. IITAKA, Max Nother's theorem on a regular projective algebraic variety, J. Fac. Sci.

Univ. Tokyo, Sec. I, Vol. 8 (1966), 129-137.
[ 5 ] S. IITAKA, On logarithmic Kodaira dimension of algebraic varieties, in Complex Analysis

and Algebraic Geometry (W. L. Baily, Jr. and T. Shioda, eds.), Iwanami, Tokyo, 1977.



LOCAL MODULI OF NON-SINGULAR NORMALIZATIONS OF SURFACES 291

[ 6 ] K. KODAIRA AND D. C. SPENCER, On deformations of complex analytic structures I, Ann.
of Math. 67 (1958), 328-401.

[ 7 ] K. KODAIRA, A theorem of completeness for analytic systems of surfaces with ordinary
singularities, Ann. of Math. 74 (1961), 591-627.

[8] K. KODAIRA, On the structure of compact complex analytic surfaces, I, Amer. J. Math.
86 (1964), 751-798.

[ 9 ] K. KODAIRA, On characteristic systems of families of surfaces with ordinary singularities
in a protective space, Amer. J. Math. 87 (1965), 227-256.

[10] K. KODAIRA, The theory of algebraic surfaces, Seminar Notes, No. 20, Department of
Mathematics, Tokyo University, 1968 (in Japanese).

[11] I. R. PORTEOUS, Blowing up Chern classes, Proc. Cambridge Phil. Soc. 56 (1960), 118-124.
[12] S. TSUBOI, On the sheaves of holomorphic vector fields on surfaces with ordinary singu-

larities in a projective space I, Sci. Rep. Kagoshima Univ. 25 (1976), 1-26.
[13] S. TSUBOI, On the number of moduli of non-singular normalizations of surfaces with

ordinary singularities, ibid. 32 (1983), 23-46.
[14] S. TSUBOI, Deformations of locally stable holomorphic maps and locally trivial displace-

ments of analytic subvarieties with ordinary singularities, ibid. 35 (1986), 9-90.

DEPARTMENT OF MATHEMATICS AND MONBETSU-KITA SENIOR HIGH SCHOOL

COLLEGE OP LIBERAL ARTS OCHΠSHI-CHO-1

KAGOSHIMA UNIVERSITY MONBETSU CITY, HOKKAIDO 094

KθRiMθτo-CHθ-1 JAPAN

KAGOSHIMA 890

JAPAN






