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section of the plane of w and v with the plane normal
to curl w. Dot multiplication by t annuls the right-hand
side, so that we obtain the following not inelegant
theorem: Let the curves C be everywhere tangent to the
plane of w and v, and everywhere normal to curl w; then
along these curves, which are determined by the instan-
taneous velocity field only, in any flow of a viscous
incompressible fluid of uniform viscosity if the vorticity be
steady and the extraneous force be conservative Bernoulli’s
theorem in the classical form

U+V+30+(p/p)=F() (7
is valid. Special cases when (7) holds for wider classes
of curves or for special types of curves or for surfaces

may be left to the reader; among these are the results
of Sbrana and Castoldi.®

8 In the case of plane or rotationally-symmetric flow the curves
@ are the vortex-lines, as indeed is obvious from symmetry, and
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The foregoing theorem exhibits the non-uniformity of
the limit 4—0 in a strikingly simple dynamical form:
since the curves C, along which the pressure obeys the
relation (7), are determined by the instantaneous ve-
locity field, they remain fixed as u—0, while at the limit
r=0 of an inviscid fluid they spread out discontinuously
into Lamb’s Bernoullian surfaces.

The results given here constitute an application of a
general theorem of pure kinematics, to be published
elsewhere.”

only if perchance the stream-lines and the curves of constant
vorticity magnitude form an orthogonal net (Sbrana’s case
v-curl w=0) does (7) yield a non-trivial result, namely a theorem
of type (B).

7 C. Truesdell, “The kinematics of vorticity,” Mémorial des
Sciences Mathématiques (to be published). I am obliged to
Dr. P. Neményi for having suggested the problem of finding a
kinematical generalization of Bernoulli’s theorem valid in motions
where Kelvin’s circulation theorem does not hold, and for dis-
cussion of the present paper.
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The covariant .S matrix formalism of Dyson has been applied to the calculation of the fourth-order radia-
tive correction to the magnetic moment of the electron. Intermediate results for the covariant A-functions
which describe the interaction of virtual electrons and photons with the vacuum are given to order a. The
addition to the magnetic moment to order o2 is found to be finite after the charge of the electron is renor-
malized consistently. This correction amounts to —2.97a2/7* Bohr magneton so that the magnetic moment

of the electron is x=1.001147 Bohr magnetons.

ECENT developments in the techniques of
quantum electrodynamics, and in particular the
general considerations of Dyson,! have shown that the
radiative corrections to the motion of the electron can
be made finite in all orders by the consistent use of the
ideas of charge and mass renormalization. The renor-
malizations are, of course, infinite, so that one is forced
to regard the present form of the theory as provisional.
Still, the fact that one can give an unambiguous, con-
sistent, and sensible prescription for dealing with this
situation, and the excellent experimental verification
accorded the second-order effects already computed,
suggest that an investigation of a fourth-order effect
might be of value: first, in order to make possible a
sensitive test of the agreement of the theory in its
present form with experiment and second, to demon-
strate in a complete calculation of a particular example
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I'F. J. Dyson, Phys. Rev. 7};’, 486, 1736 (1949), henceforth
called I and II, respectively.

the feasibility of Dyson’s program. The magnetic
moment of the electron was chosen for investigation
because it promised to present the least difficulties of
computation while it does contain those points of
theoretical interest which are relevant to the difficulties
of quantum electrodynamics. Furthermore, in view of
the success already achieved in the measurement of the
anomalous moment of the electron,? it appears that the
fourth-order effect may be accessible to experiment.

METHOD OF CALCULATION

We shall begin with a discussion of the fourth-order
corrections to the elastic scattering of an electron by an
an external electromagnetic field. The question of
isolating that part of the scattering which may be
attributed to an anomalous magnetic moment will be
discussed in a later section.

In evaluating the matrix element describing the
scattering, the methods of Dyson have been followed
quite closely. We, therefore, require the fourth-order

2 P. Kush and H. M. Foley, Phys. Rev. 74, 250 (1948).
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part, U\, of the transformation matrix U, given by
Dyson?® as

® ® —1 n+11 @
U= Ui/m=% (‘—) f d*tod*xy- - - d'xn

n=0 n=0 ﬁc ;L—i
X PLH(x0), H (1) - -H'(xa)], (1)

whence

—2\% 1 @
Ul(“ = (“'*‘) - f d4x0d4x1 e d4x4
hc/ 41 V_,

X PLH(x0), H (1)1 - -H(x4)]. (2)

The variables x; refer to particular space-time points
and are thus to be understood to have four components;
P[ ] is the chronological ordering operator of Dyson.*

In the above expression, H*(xo) describes the inter-
action with the external electromagnetic field, whose
vector potential is denoted by A4,¢(%o), and is given by

He(20) = — (1/) ju(w0) 4 4*(0)
= ielp(xo)’)’;dﬁ (xO)A Mc(xo) ) (3)

while H?(x;) describes the interaction with the photon
field and is given by

HY () = —de(x) vl (£:) A u(:) — dmeP () (). (4)

It is to be observed that the operator —iecy(x;)y ¥ (x:)
is the usual unsymmetrized current density operator for
the Dirac particle field. The term — émc*y appearing
in H'(x;) implies that the interaction representation in
which the theory was originally cast has been modified
so that the mass appearing in the equation of motion of
the electron states is the mass of the electron as cor-
rected by its interaction with the radiation field (i.e.,
presumably the experimental mass) rather than the
mass of a hypothetical uncharged electron.

The matrix U has the property that when it is applied
to the state vector of the system at — =, it produces
the state vector at 4. U, is the part of U corre-
sponding to a first Born approximation and is the
limiting form of U for a weak external field, while U,
is that part of U; which describes processes involving
four interactions between particles and photons and one
interaction between a particle and the external poten-
tial. As such it describes a great many processes in
addition to those in which we are interested. In par-
ticular, we shall be concerned with the “one electron”
part of U@, ie., that part of U;¥ connecting states
consisting of a single electron and no photons. A simple
and elegant method of extracting from U any portion
in which one is interested has been given by Feynman

2 See reference 1, II, Eqgs. (6) and (7).
4 See reference 1, I, Section V.
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and Dyson.? The matrix element in question is given by
a sum of terms each of which may be described by a
graphically represented transition scheme. The dia-
grams for our process appear in Fig. 1 and will be dis-
cussed in the next paragraphs. To each diagram there
corresponds an integral over the variables xo, %1 -+, %4;
the integrand can be written down by inspection and
gives the contribution of the associated transition
scheme to the matrix element. In these integrals the
effect of the ordering operator P[[ ] has been absorbed
into the Sr(x) and Dr(x) functions, so that this operator
no longer appears explicitly. These functions do of
course contain an implicit dependence upon P[ ] in
view of the relations

3SFag(at1—x2) = (P[¥s(21), Yul(@2) Doe(r, %), (5)
(ﬁC/Z)DFm(xl — %)= <P[An(xl)1 Ar(x2)]>0
= (hc/2)8,Dr(x1—x2), (6)

where ( )o denotes the vacuum expectation value.

To complete this summary of the method of calcu-
lation, it will be convenient to specialize the discussion
to the problem at hand. For this reason we turn now to
a discussion of the diagrams in Fig. 1 and the cor-
responding integrals.

F1c. 1. Feynman diagrams for the fourth-order radiative cor-
rections to the scattering of an electron by an electromagnetic
field.

8 See reference 1, II, Section II.
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F16. 2. Feynman diagrams for the second-order radiative cor-
rections to the scattering of an electron by an electromagnetic
field.

The diagram I gives rise to the integral

e a'r? p* -
M= _; 4 f d*xod* 21 + - d*xad o (%0)y (1) s
C —o0

X Sr(®e— x1)VaS (20— %2) ¥uSF(%3—%0) 7,

X Sp(xa—x3)yap (x4) Dp(x3— 1) Dp(xs—2x2).  (7)

e? 1
(a= =__“).
4xhe 137.0

This diagram is irreducible since it cannot be repre-
sented as a lower order process corrected by modified
interaction functions. It contains a logarithmically
divergent charge renormalization plus finite physical
effects, of which the magnetic moment, to be extracted
later, is one.

Integrals analogous to M7 can be written down for
the diagrams grouped under II. For example, we might
observe

ea’nw?
4he
X Tr[y)‘Sp (xa— x4)7,Sp (x4 - xs)]

MIIe=

f d4xod4x 1d4x2d4:r3d4x4

X A (@) (21) VS p (X0 — %1) Y
X S (w2 — 20) YA (%2) Dp (23— 24) D (03— x1),  (8)

where Tr[ ] indicates the trace of the bracketed ex-
pression. These diagrams are all reducible, however
to the second-order diagram 2 in Fig. 2. Since the
second-order diagram 2 is given by

€ am

P dxodix1d*%0 A 45 (20) Y (1) 1S F (Ko~ 21) Y
¢

X Sr(@s—x0) v (%2) Dp(x1—x2), (9)

all higher order corrections as well as (9) itself are

X x<;>xa X- X

Fic. 3. Feynman diagram for the second-order terms of D,’(x).
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included in

e ar
MU=——— | diwod'xy'd*xy d*x1d%, dix,”’
fic 2

X d4x2d4x2,d4x2"A “e' (xg)Dp/(xz— .’Xll)
X lsz,(xll) Pv(xl—xl,, x1"' —21)SF (%' — x1”)
X F“(xo‘— xol, x(]"— xo)SF, (le"' xo’,)

XTy(w2 =2, 2" —22)¥(27), (10)
where the primed functions and the current operator
I',(x, «") are as defined by Dyson.® The presence of nine
rather than five variables of integration is associated
with the fact that (10) contains terms of all orders in «
except the zeroth. The primed functions and T', are to
be obtained as expansions in «, and inserted in Eq. (10).
The terms of order o? will then include all of the dia-
grams in class II. When this is done, integration over
four of the variables will be trivial, as these variables
will appear only in the arguments of é-functions.

We should like to emphasize that for the evaluation
of the diagrams of class II, the use of the reduction Eq.
(10), rather than expressions like Eq. (8), is of great
assistance in the unambiguous elimination of the effects
of charge renormalization. In any order, radiative cor-
rections to scattering processes must be expected to
include terms which merely renormalize the electronic
charge occurring in lower order corrections. Thus, for
example, a strightforward evaluation of M’ from ex-
pressions like Eq. (8) would yield infinite corrections to
the magnetic moment for just this reason.” Were the
charge renormalizations finite, this would cause no
difficulty as these terms could then be readily subtracted
out. They are, however, infinite and one would therefore
have to exercise the greatest care to guarantee that no
finite remains of charge renormalizations had been
included in the true higher order correction. On the
other hand, in using the reduced diagram method one
explicitly separates out all renormalization effects,
infinite and finite, at each order, so that the isolation
and removal of the entire contribution of renormaliza-
tion to the moment is simple and unambiguous. For
the purpose of illustration the renormalization terms
will be retained throughout so as to exhibit at the con-
clusion the renormalized second-order moment. This,
of course, is not really necessary since the under-
standing that all effects be given in terms of the experi-
mental charge allows one to drop renormalization terms
as they appear.

6 See reference 1, II, Sections III and IV.

7One can avoid the use of the reduction Eq. (10) if one is
willing to introduce Pauli regulators in such a way as to make all
charge renormalizations finit:. The application of regulators to
higher order processes is discussed by J. Steinberger, Phys. Rev.
76, 1180 (1949). The true fourth-order correction obtained after
the now finite contributions from charge renormalization are
recognized and removed is the same as obtained by our procedure.
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X+ X St X X+ X X,

FiG. 4. Feynman diagram for the second-order terms of S¢'(x).

Diagrams of class III are all reducible to the second-
order diagram 1 of Fig. 2. Therefore, methods similar
to those described in the last paragraph are to be used
in their evaluation. These diagrams include corrections
to the polarization of the vacuum by an external field
and charge renormalizations applied to lower order
vacuum polarizations. As such, the observable effects
which they represent are modifications of the external
potential and not of the properties of the electron. This
implies that they cannot contribute to the magnetic
moment, so they will not be considered in any further
detail.

The diagrams of class IV can all be regarded as
reducible to the second-order diagram 3 of Fig. 2,
without including any modifications of the external
potential at the vertex xo. They can therefore contribute
nothing but a charge renormalization of the zeroth-
order scattering. They are of interest only if one wishes
to investigate the actual form of the fourth-order renor-
malization.

Our discussion of the diagrams may be concluded
with the remark that by the Furry® theorem diagram
Va and Vb exactly cancel.’

The remainder of the paper will be concerned with
the evaluation to order « of S¥’, Dy’ and T', and the
extraction of the magnetic moment correction from the
relevant integrals M7 and ML, No error has been in-
curred by the neglect of the supplementary condition.*

SECOND-ORDER FUNCTIONS

The function Dr'(x), which describes the properties
of a virtual photon as modified by its interaction with
the electron-positron field, must be obtained to second
order in e. The leading term, of course, is

21 d*p
Drp(x)=— f e—iPr—,
(2m)* *

The corrections to this function arise from the ability
of the virtual photon to create pairs. The first term is
simply due to the creation and annihilation of one pair,
as described by the Feynman diagram Fig. 3, or by the

8 Wendell H. Furry, Phys. Rev. 51, 125 (1937).

9 No reference has been made to diagrams and associated
matrix elements arising from the term — émc?y(x)y(x) in H.. As
described by Dyson, diagrams containing these interactions are to
be placed in one-to-one correspondence with the diagrams con-
taining self-energy parts. Their effect is taken into account in the
evaluation of the S#’, ¢/(x), and ¥/(x) functions.

% F. J. Dyson, “Longitudinal Photons in Quantum Electro-
dynamics,” Phys. Rev. (to be published).
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integral
Drn @)= (~1)(i/he): [ diaadta

X (PLAL (), ATy

X(PLA/)ja(x2), (1/€)Fo(x3)Io
X 6avDF(x3— x1+ x)

= (OHI'/Z)f d4x2d4x3Dp(x1— xg)
X Tr[v,Sr(xe—25)vuSr(x3—2x2) ]
X Dp(x3— %14 %)

m[ % ]4 f dpdihdE dby
2l ? ?

(11)

><fd4x2d4xae—ip(u—n)e—ik(xz—xa)

11
X g~k (v3—z2) g—ip’ (e3—x1+2) _
PP
vk’ —«
v 7# ,
B B2

a 1 1
=—— fd“pe“i”” fd“‘k
2m (2m)t (p?)?

iv(k—ﬁ)—x]
Yv Yu .
R4k (k—p)>+«?

1vk—k

XTr['y

ivk—«k

X Tr[

Here
PEX=PuXp=Pp-X— PoXo;

2i iy p—x
[
(27)* P2+ &2

The integration over £ must be carried out carefully,
because the integral is divergent. This has been effec-
tively carried out by Schwinger and yields®

ivk—x —iy(p—k)—«
f d‘*kTr[% 7 ]_>
B (=Bt

P+P,
_1]
K

R )
+im? (8, — ,.,,f dr———— (12)
iwomp=pup) [

after the requirements of gauge invariance have been
imposed. Since the electromagnetic potentials obey the

Sp(x)= —_

8iw? )
- T(auvpz - PnPV) [;LIE In

10 Julian Schwinger, Phys. Rev. 76, 790 (1949), Appendix;
Schwinger’s result has been multiplied by 2z because of slightly
different definitions of the singular functions.
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Lorentz condition, the term (p,p,) may be dropped.
Then

Dry,®(x)=6,,Dr® (x),
and

Dy’ (x)=Dp(x)+Dr®(x)

» f—' at ‘1(1+ aA)
T el ¢ pp2 2

a ld 20*(1—31?) }

R (i
20y At p2(1—1?)

a -
- (1+;A )Dr<x>+ Dr®(a), (13)

where

A=—-| lim In
3 Poroo K

This infinite constant, however, has no observable
consequences because the term in which it occurs is
indistinguishable from the original Dp(x) function. It
merely means that the matrix element in which Dr(x)
occurs is multiplied by a factor [14(«/27)4 ] and that
the quantity which measures the intensity of the
dynamical interaction described by the matrix element
must be renormalized.

By a very similar calculation, the function 4 ¢ (x), the
external electromagnetic field modified by second-order
interaction with the pair field, may be calculated. Thus,

4,4 ()= f e"f’”d“pA,f(p){ ( 1+-‘1—A)
2T
ap? 22)2(1—-%1)2)}

p 80
2 Jy At p(1—)

4[ Pyt P 1]

= ( 1+21A )A,f(x)+§—1i,.‘<2>(x). (14)

Tliyptr) f‘”" iy(p—k)—x 1
7 K)= " I
v v (P_k)2+K2 ! k2+)\2
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The function S#’(x) describes the behavior of a virtual
electron as modified by its interaction with the electro-
magnetic field. The relevant diagrams, in this case, are
in Fig. 4, while the appropriate integral is"

Se® (@)= (—i/h)(—ie)? f (P Ges), $la) Do

X APLY(x2), ¥(x3) oy (PLAu(x2), 41(23)])o
X Sp(xl"l— x— xs)d4x2d“x3

—(=i/ho) f s P, $(w) D)o
X dmc S p(x1+x—x2)

= 62/8ﬁcfSF (22— 21)vuSF (X3 —x2)
X ¥,Sp (%12 —23) 8, D (23— %2) d*xod x5
+ i/2ﬁcfd“x25p(x2— %1)dmc2S (214 x— x3)

—K

1
= (a/27%) (21r)"“j‘(i‘*j)cf”’"’j’?_{-K2

iy(p—k)—« 1
led4k7y Ie
(p—k)H«> k24N

iyp—«
p?_l,_ K2

Here again, the integral over & diverges and therefore
must be evaluated carefully ; furthermore, charge renor-
malization must be exhibited explicitly. This identi-
fication can only be done simply, however, after the
integrand has been rearranged considerably so as to
write it as a function of #yp+«. Thus,?

— (i) (5mc ic) ] (15)

iy (p—k)+2«

(b e e et b= [ i)

=-2 d“kf du
o [(e—pu)*+*u+pu(1—u)+N2(1—u) J?
! 1

zfld fd“. tiyp(l—u)—ivk+ 2«
=— u | d*k
LR+ k20~ (p>+ kD) u(1—u)+ N2 (1—u) ]2

1 0 ivk
—-Zf dufd“kp,‘u—— .
0 ok, [B2+ k24 (p2+ kD) u(1—u)+ N2(1—u) ]?

1t The Dr(x) function here is replaced by a Ap(x) function with mass AA/c to avoid an anticipated infra-red catastrophe in the
physically significant part of the S#’(x) function. S#®(x) does not diverge in the infra-red.
12 The Lorentz invariance of I assures that it is a function of (iyp), hence of (yp+«).

(16)
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Here the second integral represents a surface term that must be added to take into account the effect of the
displacement k,—k,+ p,u at large values of k2, where the integrand does not tend to zero rapidly enough. It should
be emphasized that all integrations are undertood to be symmetrical with respect to the origin of the variable of
integration; i.e., the angular integrations are to be carried out first, and are followed by the integration over |k|.1?

With these points in mind, the operator becomes

1 1 1
I(7 K)=—2| du| d*{[(z K)(1—u)+x(1+u —
(ivp+0) f [ {[( ypE (=) r(1+ )][[k2+A2]2 [k2+w]2]
(ivp+ ) (A—u)+x(1+u) 1 :
Mv?u[ - ”, (17)
[k2+ A02]2 [k"’-}- A2]2 [k2+ Az]a
where
A=+ N(1—w)+ (P Du(l—u) (18a)
and
A=+ N(1—u). (18b)
Using the facts that!
1
d*k =1i72/2u? (19
f (k24 p2)3 / )

and that

1 1 1 2 K:z 1— 1 2 K2 1—
fd“kl: — ]= —Zfd“kf dz (Pt ull —w) = —'i1r2f dz @'t el —w) {20)
(R*4A%)? (k24 Ao®)? o [A*+ (P kHu(l—u)z] o Ad+ (P Du(l—u)z

one obtains

o

1 (Eyp+ )1 —u)+x(14+u) ir?  iw?
I(ivp+x)=—2 f du‘ f 'k Fu(ivpt)——k—u
0 (B Ag)? 2 2

! 1
TGO 0 N irp— =) [ de oy (1_u)zl' @)

Only the still remaining integral over momentum space is divergent here, and it will become apparent that it
consists of renormalization terms only. After a slight rearrangement of the finite parts, the operator assumes the
form

1 (14u)x 1 «u(ltu) in?

I(z K)=—21f d dth————— (ir*/4)« 2 k)(1— d*k —2im? F—

(@vptx) j; u{[f (B*+ Ag?)? (/) ]HWH . u)[f EHAD? A 2]
x(1+u)+(i‘YP—'K)(1—u){1—[2x2u(1+“)z:]/[uzk2+)\2(1““)]}]} )

2w+ N2 (1—u)+ P2+ «Du(1—u)z '

The first term in this expression is equal to (4im®/a)(8mc?/hc) and is therefore canceled by the mass renormalization
term, Eq. (15). The rest of the integral can now be inserted into the expression for S¢'(x),

S¥' (%) =Sp(x)+Sr®(x)

i (iyp+x)*u(1— u)[f dz

ivp—x/ @ 1
e (1—-2;B)+(a/21r)j; duu(l—u)
Xf‘ de(1+u)+ (iyp— ) (1—u) {1—=[26*u(14u)z]/[ >0+ N2 (1—u)]}
o k204 N(1—u)+ (p*+ ) u(l—u)z
=[1—(a/27)B1Sr(@)+(a/27)8r ®(x), (23)

= —2i/(2n)" f e~='wd4p{

18 This implies f Ey f(E)d% =0, f Euky f(R?)dth= f 18, k2 (B d*%, etc.
¥ R. P. Feynman, Phys. Rev. 76, 769 (1949).
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where B is an infinite constant,!®

1 Bt Ag?— k(14 1)+ Ao?
B=(1/ir?) f (1—w)du f &
° [k2+ A02]3
—42(1—u—Lu?)

=/ir?) | wudu | d%
(/i )f uf (k24 e+ N (1—w) J¥

The fact that B is infinite, however, is not a source of
difficulty since it can be interpreted as a charge re-
normalization just as the constant 4 in the treatment
of the Df'(x) function.

It must now be observed that the physically sig-
nificant term of Sp®(x) diverges logarithmically as
A—0. Since this divergence is associated with the
vanishing mass of a photon, it is an infra-red catas-
trophe. It is introduced by the separation of real and
renormalization effects in SF®(x). One must hope, of
course, that the logarithmic dependence on A will cancel
when all contributions to a certain scattering process
are added together. The work of Bloch and Nordsieck!®
indicates such a cancellation will actually occur.

We shall merely note now that the modification of
the electron wave function brought about by virtual
interaction with the electromagnetic field is obtained
from the same diagram as the S¢'(x) function, if one of
the electron lines is taken to be an external line. Then,
since the wave function obeys the Dirac equation,!”

¥ (@) =[1—(a/4m)B]Y () (25a)

¥/ () =[1—(a/4m)BIY(x). (25b)
As pointed out by Dyson, the effect is merely one of
renormalization so as to preserve the unitarity of the
matrix U.

and

Some explanation is required for the necessity of replacing the
renormalization factor Z; in Eq. (23) by Z:*=2Z,/Z,% in Eq. (25),
a substitution which is equivalent to dividing by Z," the matrix
element of U between states containing # electrons; for as long
as the scattering matrix U is defined between two specific surfaces
a1 and o3 in the remote past and distant future, its unitarity is
guaranteed. Thus, it should not be necessary to apply an explicit
renormalization. Furthermore, the use of the eigenstates of non-
interacting fields to specify conditions at ¢; and g2 must be jus-
tified, since experimental conditions would lead one to assume

X,

Fi1c. 5. Feynman diagram
for the second-order terms
of Tu(x, x).

X;X' "{
18 By the use of

(1—2u)k?

Sy [ an =

J'l duf dék—Zqu2+2x’u’(2—u)

#FAP
» P —_— 2 2() —

=f1 du‘/ m 2(1— ) A+ 2x2u2(2—u)

which is the result of an integration by parts.

(&2 Ao%)?

16 F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937)
17 See reference 1, II, Eq. (99) Zg-l-(a/qu)B+

(249

that the one-particle eigenstates (i.e., essentially the Bloch-
Nordsieck states) of the interacting electron and photon fields
(or combinations thereof for several particle problems) ought to
be used. The replacement of ¢; and o2 by — » and 4 «, however,
together with Dyson’s computation rules imply a certain averaging
of the matrix elements over long sequences of surfaces in the past
and future. One can readily show that the averaged matrix
element is just equal to the matrix element between Bloch-
Nordsieck states, multiplied by a constant which depends only
upon the number of real particles in the initial and final states.

For simplicity, we confine our attention to the one-electron
part of the scattering potential and restrict ¢; and o3 to be surfaces
of constant time, #; and f.. The requirements that the state vector
®,(f) corresponds at time #; to an uncoupled or “bare” electron of
momentum %; and that ®,(f) corresponds at #; to a bare electron
of momentum £, are contained in the relations,

Vot () 1(0) = ag,,o™ exp[ikrux, J1(1),
Vot () Ba(te) = apps™ explikauny J@a(t2),

where the a'’s are annihilation operators, together with the
annihilation of ®;(4) and ®(f;) on application of ¥~(x,) and
Ayt(x,). The possibility that ®;(f;)) and ®:(t2) have # or #; de-
pendent phase factors is eliminated by the requirement

CHONNTRS ACNES

for all ¢ and #,. To interpret the procedure of calculation used it
is convenient to expand &;, and ®; in the exact eigenstates, ¥, (?),
of the coupled electron and radiation fields thus,

q)l(tl) =2 A n(tl)‘pn(tl),
®y(t) =2 Bu(t2) ¥a(ta).

We might observe that these relations serve to determine the
behavior in time of the states ®; for zero external field. That is,

Ql(t) = Uo(t, tl)él(ll) =2n An(tl)‘l’n(t))
<I>2(t) = Uo(t, tg)qh(!g) =En Bn(tz)‘l’n(t).

The important point is the fact that the ¢ and ¢, dependence of
the A’s and B’s as determined by the boundary condition is

given by

An(h) =an exp[(i/h)(En— Et],

B (t2) =bn exp[ (i/h)(En—Ex)t2].
Thus the matrix elements of U(fs, #;) between ®,(¢;) and ®,(2s)
are related to matrix elements between eigenstates of the coupled
system by

(®2, U(ts, t1)®1=2 bnam exp[— (i/ k) (En— Es)t:]
Xexp[(i/ 1) (En—ENt1(¥n(ta), Utz 81)¥m(t1)).

Since the matrix elements between the exact eigenstates will
not depend upon #; and #; if these occur respectively before and
after the application of the external field, we can average over
these times explicity, thus obtaining

(@2, U(tz, t2)®1))av="bnz*em1(¥n2(ta), U(te, 1) ¥m1(t1)),
where En1=E;, E,2=E,. From
(D2, U(te, 11)®1))v= Bm1*am1(¥m1, Uo(la, 81) ¥m1) = Gm1*am,

where ki, is taken equal to ks, one finds @mi1*@mi1=2; and simi-
larly bm1*bm1=2Z:.

If there are # widely separated electrons in the initial and final
states, the appropriate factor is clearly Z»®, because the state
vectors ®; and ®; can be factored into states corresponding to the

presence of a single electron, and for each of these the above
analysis can be carried through.
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The vertex operator T'y(x/, #'") describes the scattering of a virtual electron by a potential. The second-order
contribution to it is given by the diagram, Fig. 5, or by

Au® (o, &) = (—i/ he)*(—ie) Lya(PL¥(o— "), ¥(20) Dovu(PL¥(x0), ¥(xoF2") 1o
X'y,(P[A)‘(xo—x'), Av(x0+x”)]>]
= (e2/8%¢)v,Sr(x)vuSr(a"” )y, Dr(x''+ ") (26)

= /20 [ e L (P, )

where

fd“ 75 (@ (' = k) =) vu iy (P —B) — ) v,
L' =0+ TG — b+ TR+ 2]

Thus one obtains the operator L,(p’, $”").%® This must now be rearranged so as to display explicitly renormalization
terms. First the denominators of the three A-functions are combined,

vy (' — k)=« vy (p"' — ) —« ]y,
{[e—u(p'v+p"(1—0)) 4 A"2}3

Ta
Ly, p")=—

(27)
473

1 1
L', p) = GG/ Am) f 2udu f o f %
0 0

= (ia/27) f udu f do f (. Liv(p' A= uv)— p"v(1—u)— k) — &y,

XLy (p" A —utw)— p'uv—k)— Iy} /(B+A%)3, (28)

A?=w[+(p' = " o(1=0) N1 =) +u(l—u)[ (0" + )+ (p"*+ ) (1-v)]; (29)

a change of variables, k,—k,+u[p,/v+p,'(1—7v)] has been made.
On extensive rearrangement, the numerator of the integrand can be brought into the form!?

where

— v B =4 (1 —u—3u) 1+ 2Ku(p, p"'5 u, v), (30)
where
Ku(p', ¢34, 0) = A=) (ivp"+ 0)vu(ivp"+ 6) — (G2’ + ) [x(1 — ) vt i(1— ) (1= u0) (' + p")
—i(1—uA+2u0) 1 —u0) (p' — p"")u = [c(1 =) yut- i1 — ut-u0) (1 — ) (p"+ ")
+i(1—uAtu) (14+u—2u0) (p'— p")u JGvp"+ 0)+ (1= 1) v, [ (p"*+«*) (1 — w2)
+ (" + ) A= utwv) J—ix(p'— p")wu(1+u) (1—20)
+ 7@’ — 2" ) (1= utwv(1—v) I+ kow(p'— p" (1 —u).  (31)

Thus, with
A?= 2>+ N2 (1—u), (18b")
1 1 vyl B2 —4k2(1—u—1u?)] 2K
Lu(p, )= (ic/27%) f wdu f d f d“k{ o L
0 0 [k2+ A02]3 [k2+ AI2]3
3 1 J k2(A"2—Ag?) . " 1 1
+3y f 2 —4k*(1—u—3u? [ - ‘]}
# o Ek2+ A02+ (A""—Aoz)z]“ 2 (k2+ A'2)3 (k2+A02)3
K ! A2— A2 A2—Ag?
=— (a/ZW)[—Bw-l--—-—i- wf dg————————— =2y, (1—u—3u?) ], (32)
A/2 0 A02+ (A/2— A()?)Z A/2A02

where B is defined by Eq. (24).

18 See reference 1, I, Eq. (26).
19 This expression may be compared with Julian Schwinger, Phys. Rev. 76, 790 (1949), Eq. (1.94). The expressions differ only in the
definition of v and in the fact that certain terms, zero for a real electron, are included here.
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Finally, therefore,
Lu(e’, 2) = v,0(2")(2")+ A, P (o', 2”')
=71u8(x")8(x")[ 1+ (a/27) B]— (a/2)(1/(27)%) f dip'd'p" exp[ —ix'p'—ix'"p" ]

K, 1 1 22 (1—u—3u?)
X [———+ Yu(A2—Ao?) ( f dz = )]
A/2 0 A02+ (A/2_ AOQ)Z A,2A02

=v,0(x")8(x")[14+ (a/27)B]+ X,,(”(x', x).

Here again the separation of the renormalization term B has made the physically significant correction divergent
in the limit A—0.

(33)

CALCULATION

Now that the singular functions have been calculated to second order, it is possible to proceed with the evaluation
of the matrix elements written down earlier.
Thus,

MU= —(ean/2kc) f dixod xo'dxy” d4a1d %) A%y A4ocad 5y d4xcs” A ¥ (%0) D' (0 — 1) ¥ (x1)
XTy(x1—x1', 21" —21)Se(x’ — 21" )T w(xo—x0”, x0”" — 20) Sk’ — 20" )T, (2 — %2, 22" — x2)¥/ (2”).  (34)
On substitution of the last part of Egs. (13), (14), (23), (25a), and (33) one obtains, to order o?

M= MII04 JfTTa} JfITcy FFITd4 JfTIe| MII/’ZO (35)
where

a eamw -
MIIO = — ( 1+—A ); f d‘xod“xld“ng “e(xo)DF (xz - xl)w(xl) 'YySF (xo“ xl) 'YpSF (x2 - xo)yl'\b(x?)
T C

e a
=— h— 14+-4 ) f d4xod*x1d 224 4 (X0) Y (21) Ay @ (X — a1, 22— 20) ¢ (%), (36a)
c T
_ ea2 -
Mile= — 4—ﬁ— d4x0d4xo'd4xo"d4x1d4x2A ,f(xo)DF(xz—‘ x])lp(xl)’YvSF (xO/_ xl)
c

X A, @ (x— 50, %" — 2%0)Sr (22— 20" )y (%2), (36b)

_ ea? 7
Ftree _Eﬁ_ fd4x0d4xld4x2d4x2,d4x2;rA“e(xo)DF(xz—xl)w(xl)%SF(xo—x1)’YwSF(x2/__xo)
- _
XA (s 2 — W), (360)

9

M= —Efz— d4x0d*x1d*22 A 4 (%0) D (23— 20)W (21) 1S 7 (%0— %1) 7S r P (22— 20) v, (%2), (36d)
c
_ ea’ _ .
Me= —;;— f d*x0d 6134234 ,°(%0) D @ (2 — 20)9 (21) 12 S (%0 — %1) YuS P (X2 — %0) v, (%2), (36e)
c
_ ea? _ _
MU= Ty f d*x0d*018* %2 A 4* @ (%0) D (22— 20)Y (%1) 7S # (00— %1) Y S r (X2 — Xo) v, (%2). (36f)
c
Finally,
ea? -
Mi=— Z};—"rzf d4x0d4x1d4x2d“x3d4x4A "’(xo).DF(xa— x1)DF(x4 - xz)Kb(xl)'YvSF(xZ—' xl) Y
c

X Sr(wo—%2)vuSr(%s—%0) v»Sr(Xa—x3) 2 (x4). (37)

% The bar on Me etc. indicates that the renormalization terms have been removed. These are incorporated in M0, Since M1
contains only renormalization, M?t is zero.
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It is convenient to continue the calculation in momentum space. The momentum p; will be used to denote the

momentum of the final state and p, the momentum of the initial state:

v@= [ emppdins, Gvprt =0,
and
@)= [ o pp)atn, W) Grpetn =0,
Then
iy(pr—k)—«  iy(pr—k—k)—«
= a*p1dipaA e d*kd*k’ (1/k2)(1/k"2 v
100 [ v [t @B
iy(pa—k—k)—x iy(ps—k)—« (59
Yu (pz—k—kl)2+x27y (pz._k’)2_|..,(2‘h 2/
M"0~(1+-A)(+—— @ )4 d4 dipod o (pr—po) | wdu | v
T P1a°peA S (pr—p jo‘ j;
_(ow(pr— pu(l—u)+ (pr— p2)*vu(l —utuv(1—2))
X — Byt vu(pr— po) (1 —
o im0t g PR
! dz
x[ )
o K2 N(1—u)+ (p1— p2) 2P0 (1—0)z
2X(1—u—3u?)
- ]}¢(P2)y
(k%4 N2(1—2) JLe?u?+ N2(1—u)+ (p1— p2)us(1—0)
o= 2 e [ aptpictop [ . I i I i
S8mihc k-2 J, 0
- 7 ( —k)‘ Ku(P _k; —k;u,v) ! dz
@ e ! o ~ +w<A'2—A02>[ [
(pr—R)*+«* VA (p1—k, po—k; u, v) o Ao+ (A?—AeY)z
2K2(1——u——§-u2)]|i'y(p2—k)— o0
A'2A02 (1)2—k)2+1(27y P?;
_ tea’® 1 1 L iy(pr—k)—« ty(pa—Fk)—«
Mie= 2 4fd“ d*pe A (pr— dk d f d: g u
e J k2+>\2j; e byt
K, (pa—k, pa; u, v) 1 dz 22 (1 —u—3u?)
X % v A,2_A 2 [ - ]} y
{A’z(Pz—k Pz;u 7)) 7( 0) ‘£ A02+(A,2—A02>Z A’2A02 lp(pz)
_ ieal? ! o iy(pr—k)—«
MIId___.__ (27r)4fdp1d pod 2 (pr1— Pg)fdk J; u(l—u)duj; dZ‘/’(Pl)va’h
(v (pr—k)— ) (1—2) (1= 2620 (1+u)z ]/ [P0+ N2(1—u) ])+ k(1+u)
X YV¢(P2))
K22+ N1 — )+ [ (po— k) 2+ > Ju(1—u)z
_ 202 (1—30?) 1
W”"=— 2m)t | d*pi1dipe A (pr1— d‘k dv
] (w)f D144 oA (P Pz)f f —¢ Pt @)

(5 iy(pr—k)—k iy(pe—k)—« (5)
P b Gy

(38a)

(38b)

(39)

(40)

(41)

(42)

(43)

(44)
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_[Ifz_ 4 4 4 e 4 2.7 i“/(?l—k)_"

==y [ aprp oo [ om0 Hoone =
iy (pa—k)—x P(1—3e%)
x ¥ (p2) (45)
ety P f "ot (pimp)(1—17/4)

Now, the interaction energy density of an anomalous magnetic moment pef/2mc with the electromagnetic field is

H (x0) = — u(eh/2me)5F u (o) (x0) 0w (20). (46)

Since the calculation is being carried out in momentum space, it is convenient to have the Fourier transform of
this expression. Its contribution to the scattering of an electron is

[ atpidrna o= 2000w 20020 @

In calculating the correction to the magnetic moment of the electron, therefore, one must seek to bring the matrix
elements into this form by rearranging the Dirac matrices occuring in them and by using the Dirac equation to
simplify the momentum dependence of the integrand. This, of course, can only be done after the integration over
the directions of the virtual momenta has been made trivial, so that these variables no longer conceal a dependence
on the initial and final momenta. In this process, any terms that contain a factor (p1— p2)? may be dropped from
further consideration, because they represent derivatives of the quasi-constant electromagnetic fields. Hence,
M1/ does not contribute to the magnetic moment. Further, M0 gives (\?=0)

a ea u(l— u)x
M”—>(1+;A)(+——h)(21r‘) f i ps (B p2)F (P (Pr— D) (e) f wi f "

2whe

(1+ 4)—(21)4 f d4p1d4paA 5 (pr1— po)¥ (1) (pr— o) (Pa).  (48)

™

2hcx

The second-order part of this expression clearly is due to the well-known anomalous magnetic moment
(a/27)(eh/2mc) 2 (49)

This quantity, however, depends on the “bare” charge ¢ of the electron. The measured charge of the electron is
e1=[14(a/4r)AJe to second order. Furthermore, the external potential 4 ,°, whose source is a current, must also
be renormalized, (4,%):=[1+(a/47)A]A,°. Equation (48) may therefore be rewritten, to order o?,

€1
mites= 200 [ dpudtps( Ao p) b B P ), (50)
2hck 2

and is due to a magnetic moment
u!%= g, /27 in units eih/2me, (51)

which depends on the renormalized charge.
M?e can be evaluated quickly by observing that the integration over d*k and subsequent rearrangement of the
matrix element is idential with that in L,(p1, p2), provided one sets A?=4x/(1—17%). Hence,

21}2(1——7)2) u(l—u)
MIIe__)_____ ( T 4
2Fck 27? f f 1—02  w+4/(1—u)/(1—2?) 2m)

Xf @ p184p24,°(pr— D)V (P1)ow(P1— p2)W (P2).  (52)

The magnetic moment responsible for this scattering is

a? p! u2(1 w)v*(1—3?) o?/119 = o?
pite= f du f = —————)~0.016——. (53)
w2 uz(l—v2)+4(1 u) w\36 3 w?

2t Julian Schwinger, Phys. Rev. 73, 415 (1948).
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The expression for M?1¢ will be examined next. The first task now is to simplify the integration over k. The
situation here again is very similar to that encountered in the evaluation of L,(p’, p”') ; simplifications can be made,
however, because of the equations satisfied by ¢, and p, and because (p1—p2)? may be neglected. The scattering
becomes

AM”"’—»:?——(ZW)‘f diprd*ped u(p1— Pz)f u(l—u d“f dzf '”d”f dwf &g (p1)

Xyl iv[p1(1 —vw) — pov(1—w) — k]~ k} v,
u(l—u)z

{iv[pe(1—v+ww) — prow—k]— k} (1— ) (1 — [20(1+2)z]/[w*+ (N\/x*) (1 —2) D)+ k(1)
X v (p2).  (54)
{B24 222+ N2(1— )+ v(1—w) [ k224 N2(1— ) )/[u(1 —u)z]}3

Here, obviously, the &\ vectors in the numerator contribute no magnetic moment, because the linear term vanishes
and the quadratic one is independent of p, and p..

Tt is useful at this point to discuss the extraction of magnetic-moment terms from these more complicated mo-
mentum-dependent spinor matrices. Thus, with the neglect of charge renormalization terms (independent of p,
and p,) and terms representing higher derivatives than the first of 4,°(xo),

i) (P (p2) = (o) F (P1)¥ (p2) = — 3P (P1)o s (pr— p2) b (p2) = — 3y,
V(D) vuivp(pe) =V (p1)ivpey it (po) = —m,
V(D)1 pry vl (p2) = (P vsivpry vl (po) = — 2m,,
V@DV Y v pryd (p2) = V(PO Vv,dy poy b (pa) = — 2my, (55)
D) 1ivpryidyprys (po) =¥ (PO vy prvuivpry (pa) = — 2km,,
V(pOvivpryaivpey b (pe) = —4xm,,
V(PO vavpeyadvpryb(pe) =0.

The magnetic moment contribution to M74 is due to a moment

1
“nd:(_____x)f u(l— u)duf dzf vdv dw _——
t 0 2 M(l u)a

k[ 2(1— 2 2/ u)(1—
224 =o)L —u)(1~Lu(1+)sl/ [“J“(l— e S a1 e Tt (1=

k202 N2(1—0)+o(1—w)[ k22+ N1 —u) | /u(1—u)z

X

__f w1 u)duf dzf vdvf (A=o)[e(0-u)(1- [2u(1+u)z]/[u*+ (1—u)\2/k2])— (1+u)]
[+ (A\Y/k) (1—0) Ju(1— w)z+v(1—w)[u?+ (A2/k?) (1—u) ]

As was already mentioned earlier, this expression may diverge logarithmically as A—0. It is easy to verify that
this catastrophe occurs only in the term which has two denominators, and that is associated with the integration
over «. After integration over z, only one simple term is left which is afflicted with this difficulty. The photon mass
may then be set equal to zero in all others, and the integration can be easily completed to yield

o?/11 « A2
p.”"=—(——— - —) ( 0090+ In— })—. (57)
24 18 2 K2 ‘lr2

The expressions for u’?s, ule, 7 become successively more complicated and very much more tedious to evaluate
and cannot be given in detail here. The contributions from group II are all treated in a manner similar to L,®. The
presence of two virtual momenta in M’, however, and the symmetry of the integrand suggest that this quantity
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be evaluated by noting that

a?
Mi=—

roner fenanasomp [se (= (F) [ a)n(+(F35) [ )
T WP o k- —— _—— !
e 1678 S SR M 20p) ) I\ T Gy ) ) ™
iy @ © iy 9 *
XW(H-(———)I du”)%(x-l-(—————)f dﬂ"')*yx]t/f(?a)
2 0p" ) Ja 2 9p"") e

f dkd*E' Bk ‘
[(p— k) w0 — k=) w L — k= k) (0" = k)+u" ] S 252y,

and evaluating the integrals over k and &’ before carrying out the other indicated operations.”? The result will
clearly involve five variables of the type of #, v, w, Eq. (54), to be integrated from zero to one. The other two
remaining terms also involve five variables, but in these the variables tend to separate into two groups, because
they were introduced in connection with two independent momentum integrations. The magnetic moments may
now be deduced as before. They are integrals of rational functions of the auxiliary variables.®

After one trivial integration, u/’® involves the same type of functions as p/%. It is found, however, that the
infra-red catastrophe introduced into the A,® operator is compensated by one that arises in the integration over &,

Eq. (41). In other words, the terms depending on the photon mass all go to zero as this quantity is made to vanish.
Thus

(58)

ats11 7t al?
plfo=— —+——)%’0.778-— (59)
72\48 18 i
and no longer involves A.
After a term — (a?/27%) In(\?/«?) is separated from p!!¢, this quantity is finite in the limit A—0, so that the
integrand may be accordingly simplified. A typical term, which happens to involve only four variables, is

! 1 1 1 ! 2wi(1—1)(1 —uw)
f duf dvf dtf dwf dz . (60)
0 0 0 0 o {rw[l—uvt+ut(1—v) PHut(l—uv)}?
If the first three integrations are carried out in the order indicated, each can be done analytically by virtue of
simplifications that occur when the limits are inserted in the preceding integration. The order of the last two

integrations must be determined by inspection for each term; with two exceptions they can be carried out with
the help of well-known formulas. The value of p’¢ is therefore given in terms of two integrals, L; and L,:

a? 11 4 1 49 34 o? o?
p.”°=—( —1 In\2/k?— 13—+ 3-72—8-n ln2+—L2+—L1)g——3.178———% In\2/k2—. (61)
w2 24 9 6 3 3 T2 7
Here
1 w 1
L1=f [In(1—x)2dx/x=3 3" —= 2.4041138- - - (62a)
0 n=1y9
and
1 w B,(In2)2n+2
L2=f [In(14-#) 2dx/x= (In2)?/2+ (In2)?/6+ 3 (—1)**'———=0.3005655....% (62b)
0 n=1 2n+2)(2n)!
A typical term of p! is
1 1 1 1
f du f dv f dt f dwwt*u'y?
0 0 0 [1] 1

X , (63
[1—wt(1—uv+u%?) ] { u2—w (1 — t+ tuv)?— w2 (1 — uv) — 2tu>0(1 — -+ tuv) 1} 2 )

22 The integration over the virtual momenta is accomplished by combining the six denominators in the manner of Eq. (16). There
are many equivalent ways of introducing the auxiliary variables; some of these, however, are much more convenient than others for
carrying out the subsequent integrations.

2 The details of two independent calculations which were performed so as to provide some check of the final result are available
from the authors. The work is made lengthy by the large number of integrals over auxiliary variables.

% Note added in proof: Using the results of H. F. Sandham, J. Lon. Math. Soc. 24, 83 (1949), one can show that Le=3}L.
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where a trivial integration over one variable has been carried out. After two integrations, which again can be carried
out analytically by virtue of some remarkable simplifications, the functions of # and v obtained are very similar
to those encountered in the calculation of p’?¢. The final result, in terms of the integrals Eq. (62) is

2 13 S
= a_[ 13/96+ —n2—-=21n2+(5/3) Lo+ (5/12)L1]E—— 0.499—.
w? 36 6

SUMMARY OF RESULTS

The five contributions to the fourth-order radiative
correction to the electron’s magnetic moment are, Egs.
(53), (57), (59), (61), and (64),

@13 135 o
pr=— —+—r ""7(‘2 1n2+—L2+"‘—'L .I_ _0499—)
96 36 6 ™

oL

49 34 1 A
Lot —Ly—~ ln——]
3 3 2

K2

a’ 17 Ny\o?
=— 3.178————(ln——)——,
w2 k2/ w?

f 11 1N
,u”d=—-|:+-————-1r2+—ln—~]
L2 18 2 g

e

2

(64)

2
w2

=——OO90—+ (ln—-)-—

o’r 11 7
p.”e=-—[3————]=0.016—;

w2l 36 3 w?

here L, and L, are the integrals of Eq. (62a) and (62b),
respectively. Hence, the total radiative correction to
the magnetic moment of the electron, to fourth order
in e, is

(43 ay 95 17 47
p=———l9——3—r2+972 In2— 18L2—-—-L1]
20 w2 L 288 36 4

oy 2
~——2, 973—— 0.001147 in units (e s/ 2mc).
2w w2
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